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Let C be a unital AH-algebra and let A be a unital separable simple C*-algebra with 
tracial rank zero. Suppose that <fi,tf2 '■ C —> A are two unital monomorphisms. We show 
that there is a continuous path of unitaries {ut : t £ [0, oo)} of A such that 



lim Uf(fi(a)ut = ^2(0) for all a E C 



if and only if [ipi] = [^2] in KK(C, A), roip 1 = roip 2 for all r E T(A) and a rotation related 
map f)ip lt Lp 2 associated with ipi and ^2 is zero. In particular, an automorphism a on a unital 
separable simple C*-algebra A in J\f with tracial rank zero is asymptotically inner if and 
only if 

[a] = [idyl] in KK(A, A) 

and the rotation related map fj Vl , V2 is zero. 

Let A be a unital AH-algebra (not necessarily simple) and let a E Aut(A) be an au- 
tomorphism. As an application, we show that the associated crossed product A x a Z can 
be embedded into a unital simple AF-algcbra if and only if A admits a strictly positive 
a-invariant tracial state. 

1 Introduction 

Given two compact metric spaces and two continuous maps from one space to another, one of 
the fundamental questions is when these two maps are equivalent in certain sense. Equivalently, 
one may study homomorphisms from the (commutative) algebra of continuous functions on 
one space to the (commutative) algebra of continuous functions on the other. By the Gelfand 
transform, every separable commutative C*-algebra is isomorphic to C{X) for some compact 
metric space. One way to make this question (at least partially) non-commutative is to replace 
the target algebra by a unital C*-algebra. Let X be a compact metric space and let B be 
a unital C*-algebra. Let <pi,if2 : C(X) —* B be two unital monomorphisms. A natural and 
important question is when ipi and (f2 are unitarily equivalent, i.e., when there is a unitary u £ B 
such that aduo^j = (p 2 ? A classical special case is the case that B is the Calkin algebra, i.e., 
B = B(H)/JC, where H is a separable infinite dimensional Hilbert space and KL is the compact 
operators on H. This problem originated from the study of essentially normal operators on the 
Hilbert space. It is closely related to perturbation of normal operators and index theory. This 
classical problem was solved by Brown, Douglass and Fillmore ([3] and [1]). Later it developed 
into the Kasparov KK-theory and had a profound impact on many related fields. 

However, recently it becomes apparent that the problem is especially interesting when B is a 
unital separable simple C*-algebra (note that the Calkin algebra is a unital simple C*-aigebra). 
It also becomes clear that unitary equivalence must be given the way to some more practical 
and useful relation. When B is assumed to be a unital separable simple C*-algebra of tracial 
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rank zero, it was shown in [30] that ip\ and <p2 are approximately unitarily equivalent, i.e., there 
exists a sequence of unitaries in B such that 

lim &du n o tpi(f) = 932 (/) 

n^oo 

for all / € C(X), if and only if 

[ipi] = [1P2] in KL(C(X), A) and r o tp^ = r o ^ 2 

for all tracial states t of A. This result was developed based on the results and techniques in the 
study of classification of amenable C*-algebras and has several immediate applications including 
in topological dynamical systems. 

A stronger relation is the asymptotic unitary equivalence. Let A and B be two unital C*- 
algebras and let (fx , if2 '■ A — > B be two unital homomorphisms. These two homomorphisms are 
asymptotically unitarily equivalent if there is a continuous path of unitaries {ut : t € [0, 00)} of 
B such that 

lim adu t o tpi(a) = ^2(0) 

t— >oo 

for all a 6 A, Note that ipi and <f2 are "homotopic" by a long path. So it is rather strong 
equivalence. But it still weaker than that of unitary equivalence. It turns out that, at least in 
several known occasions, one needs asymptotic unitary equivalence. It is not difficult to see that 
in order to have tp\ and (f2 to be asymptotically unitarily equivalent one must have [cpi] = [^2] 
in KK(A, B) instead of [<pi] = [1P2] in KL{A, B). However, in addition of r o tpi = r o ip 2 for all 
tracial states r of B, it requires more to obtain asymptotic unitary equivalence. 

A pioneer work in this direction was done by Kishimoto and Kumjian ( |18j and [19]) who 
studied a special case that A = B and A is a unital simple AT-algebra of real rank zero. Among 
other things, they gave a K .ff -theoretical necessary and sufficient condition for an automor- 
phisms a on a unital simple 74T-algebra of real rank zero to be asymptotically inner. An inter- 
esting application was given by Matui. Using Kishimoto and Kumjian's result, he showed that if 
A is a unital simple j4T-algebra of real rank zero and a E Aut(A) is an automorphism of A then 
the associated crossed product A x a Z can be embedded into a unital simple AF-algebra([36j). 

We study homomorphisms from an AH-algebra A (not necessarily simple nor real rank zero) 
to a unital separable simple C*-algebra B with tracial rank zero. It should be noted that even 
in the simple case, a unital simple AH-algebra may have higher stable rank and it may have 
some other unexpected properties (see [H] and [40]). Suppose that ipi , tp2 ■ A — > B are two 
unital homomorphisms. In order for ipi and ip2 to be asymptotically unitarily equivalent (or 
approximately unitarily equivalent), <p\ and (f2 must have the same kernel. Since any quotient of 
an AH-algebra is again an AH-algebra, to simplify the matter, we may only consider monomor- 
phisms. Suppose that (pi and <f2 are asymptotically unitarily equivalent. Then, as mentioned 
above, [(fi] = [^2] in KK(A, B) and roipi = ro^ 2 for any tracial state r of B. As in Kishimoto 
and Kumjian's case, a rotation related map fj from K\(A) to Kq(B) associated with the pair 
of monomorphisms must vanish. Details of this rotation map will be defined below (|3.4p . The 
main result of this paper is to establish that these conditions are also sufficient for ipi and </?2 
being asymptotically unitarily equivalent. 

The main background tools to establish the main theorem is the similar result for approxi- 
mate unitary equivalence established in [30] and the so-called Basic Homotopy Lemmas (|33j). 
Suppose that there is a unitary u G U(B) such that 

\\[Mb),u}\\<6 

for some large set of elements b £ A and sufficiently small 5. One needs to know how to find 
a continuous path of unitaries u(t) with it(0) = u, u(l) = 1b and || [ipi(a), u(t)]\\ < e for some 
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given set of elements a € A. The Basic Homotopy Lemma (}33j) states that it is possible when a 
map Bott(y?i,u) vanishes. This type of theorem was first given in [2]. The more general version 
used here is given in [33J. We also took many ideas from Kishimoto and Kumjian's work (|19j) 
for granted. It turns out that the proof of the main theorem is considerably shorter in the case 
that Ki{A) (i = 0, 1) is finitely generated (|8.2p . The general case needs a number of additional 
facts which require some lengthy work. 

Let Bbea unital separable amenable simple C*-algebra with tracial rank zero which satisfies 
the Universal Coefficient Theorem and let a : B — > B be an endomorphism. By the main result 
mentioned above, we show that a is asymptotically inner, i.e., there is a continuous path of 
unitaries {u t : t G [0, oo)} of A such that 

lim u*aut = a{a) 

for all a G A if and only if [a] = [id a] in KK(A, A) and the associated rotation related map 
fj vit( p 2 is zero. 

Now we turn to quasidiagonal C*-algebras. Quasidiagonality for crossed products were 
studied by Voiculescu ([12]) [13] and [S]). Let X be a compact metric space and a be a 
homeomorphism on X. It was proved by Pimsner ([37]) that C(X) x Q Z is quasidiagonal if and 
only if a is pseudo-non- wondering and if and only if C(X) x Q Z can be embedded into an AF- 
algebra. When A is an AF-algebra, Nate Brown ([5]) proved that A x Q Z is quasidiagonal if and 
only if A x Q Z can be embedded into an AF-algebra. He also gave a if-theoretical necessary and 
sufficient condition for A x a Z being embedded into an AF-algebra. This result was generalized 
by Matui as mentioned above. See [6| for further discussion on this topic. 

Let A be a unital AH-algebra (not necessarily simple nor real rank zero) and let a G Aut(A) 
be an automorphism. We are interested in the problem when the crossed product A x a Z can 
be embedded into a unital simple AF-algebra ([32] and [33]). 

Suppose that there is a unital embedding h : A x a Z — > B, where B is a unital simple 
AF-algebra. Let r G T{B) be a tracial state on B. Then roh gives a faithful a-invariant tracial 
state on A. As an application of the main result of the paper, we prove that A x a Z can be 
embedded into a unital simple AF-algebra if and only if A admits a faithful a-invariant tracial 
state. Note that if A is simple then A always admits a faithful a-invariant tracial state. 

There is another question concerning the main result. If ifi and tpi are asymptotically 
unitarily equivalent, can one actually find a continuous path of unitaries {ut : t G [0,oo)} of B 
such that 

u o = 1b and lim ad ut o <pi(a) = ^2(0) for all a G A? 

t— >oo 

In other words, <f>\ and (p% are asymptotically unitarily equivalent with ut G Uq(A) for all 
t G [0,oo). 

We will show, for example, when A = C{X) and B is a unital separable simple C*-algebra 
with tracial rank zero, the answer to the question is affirmative (see ll2.8|) . However, in general, 
this can not be done even in the case that A = M n (C(X)). There is a /T-theory obstacle prevent 
one from choosing a path starting with 1b- This phenomenon will be discussed in this paper. 

The paper is organized as follows: 

Section 2 provides some notations and some background materials. In Section 3, we define 
the rotation related map mentioned above and give a generalized Exel's formula for bott elements 
concerning a pair of almost commuting unitaries. In Section 4, we show that in order for two 
unital monomorphisms (f \ and <p2 to be asymptotically unitarily equivalent it is necessarily to 
have [(pi] = \(p2\ in KK(C, A) and ro^ = ro^ 2 for all r G T(B) as well as the rotation related 
map associated with these two homomorphisms vanishes. Section 5 discusses a pair of almost 
commuting unitaries and associated bott element which puts some known results into a more 
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general setting. In section 6, using classification theory for unital separable amenable simple 
C*-algebras of tracial rank zero, we show that for A = C(X), where X is a finite CW complex 
X, the Bott map can be constructed from prescribed information. In section 7, we generalize 
the results in section 6 to the case that A is a unital AH-algebra. In section 8, we prove a 
special case of the main theorem. In section 9, we present a stable version of the so-called Basic 
Homotopy Lemma and use it to establish certain facts that are needed in the proof of the main 
theorem. Section 10 is devoted to the proof of the main theorem (|10.7p . In section 11, we give a 
couple of applications. In particular, we solve the problem when A x Q Z can be embedded into 
a unital simple AF-algebra for all unital AH-algebras. Finally, in the last section, we discuss 
the problem when the continuous paths in the definition of asymptotic unitary equivalence can 
be taken in the connected component of the unitary groups which contains the identity. 

2 Preliminaries 

2.1. Let A be a stably finite C*-algebra. Denote by T(A) the tracial state space of A and denote 
by Af f(T(A)) the space of all real affine continuous functions on T{A). Suppose r S T(A) is 
a tracial state. We will also use r for the trace r <8> Tr on A ® Mf. = M^(A) (for every integer 
k > 1), where Tr is the standard trace on M^. 

Define pa ■ Kq(A) — ► Af f(T(A)) be the positive homomorphism defined by pa(\p])(t) = 
r(p) for each projection p in M k (A). 

2.2. Let A be a C*-algebra. Denote by SA = C ((0, 1), A) the suspension of A. 

2.3. A C*-algebra A is an AH-algebra if A = lim n ^ 00 (A n , ip n ), where each A n has the form 
P n M k ( n }(C(X n ))P n , where X n is a finite CW complex (not necessarily connected) and P n £ 
M k(yn) (C(X n )) is a projection. 

We use tpn,oo '■ A n — ► A for the induced homomorphism. Note that every separable commu- 
tative C*-algebra is an AH-algebra. Every AF-algebra and every AT-algebra are AH-algebras. 

2.4. Denote by M the class of separable amenable C*-algebra which satisfies the Universal 
Coefficient Theorem. 

2.5. A unital separable simple C*-algebra A with tracial rank zero is quasi-diagonal, of real 
rank zero, stable rank one and has weakly unperforated Kq(A). Every simple AH-algebra A with 
real rank zero, stable rank one and weakly unperforated Kq(A) has tracial rank zero ([21]). We 
refer to [22] and [29] for the definition of tracial rank zero and its properties. Unital separable 
simple C*-algebras in Af with tracial rank zero can be classified by their iT-theory (see ( |26j and 
[28]). 

2.6. Let A and B be two unital C*-algebras and let ip : A — > B be a homomorphism. One can 
extend <p to a homomorphism from Mk{A) to M k (B) by <p ® idM fe - In what follows we will use 
<p again for this extension without further notice. 

2.7. Let A and B be two C*-algebras and let L\, L2 : A — ► B be a map. Suppose that J- C A 
is a subset and e > 0. We write 

L\ « e L 2 on J 7 , 

if 

||Li(a) — L2(«)|| < e for all a £ J 7 . 

2.8. Let A be a unital C*-algebra. Denote by U(A) the group of unitaries in A and denote by 
Uq(A) the path connected component of U(A) containing the identity. 

By Aut(A) we mean the group of automorphisms on A. Let u E U(A). We write adu the 
inner automorphism defined by ad u{a) = u*au for all a G A. 
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Definition 2.9. Let A be a C*-algebra. Following Dadarlat and Loring ([8]), denote 

K(A) = (Bi= ,iKi(A) Q)Ki(A,Z/kZ). 

i=0,l k>2 

Let B be a unital C*-algebra. If furthermore, A is assume to be separable and satisfy the 
Universal Coefficient Theorem (|39|). by [8], 

Hom A (K(A),K(B)) = KL(A, B). 

Here KL(A, B) = KK(A, B)/Pext(K*(A), K*{B)). (see [8] for details). 
Let k > 1 be an integer. Denote 

F k K(A) = ® i=0tl K i {A)^K i {A,'L/k'L). 

n\k 

Suppose that Ki(A) is finitely generated (i = 0,2). It follows from [8] that there is an integer 
k > 1 such that 

Hom A (F k K(A),F k K(B)) = Hom A (K(A), K(B)). (e2.1) 

Definition 2.10. Let A and B be two unital C*-algebras. Let h : A — > B be a homomorphism 
and v € U{B) such that 

h(g)v = vh(g) for all g £ A. 

Thus we obtain a homomorphism ft, : A ® C^S 1 ) — > -B by ft(/ 8) g) = h(f)g(v) for f € A and 
g £ C(S' 1 ). The tensor product induces two injective homomorphisms: 

/3 (0) : K (A) ^ K^A^CiS 1 )) (e2.2) 
/?« : #i(A) — ^(AgiCCS 1 )). (e2.3) 

The second one is the usual Bott map. Note, in this way, one writes 

Ki(A ® CiS 1 )) = Ki(A) ^{K^A)). 

We use jgW : ® C*(5 1 )) -» /J**" 1 ) (i<Q_i(A)) for the projection to ^-^{K^A)) . 

For each integer k > 2, one also obtains the following injective homomorphisms: 

$ : Ki(A,Z/kZ)) -> Ki„i(A<8(7(S' 1 ),Z/fcZ),i = 0,1. (e2.4) 

Thus we write 

Xi_i(A®C(5 1 ),Z/JfcZ) = # i _i(A,Z/&Z)e/3®(if i (A,Z/A;Z)), i = 0, 1. (e2.5) 

Denote by : ^(AsC^J.Z/jfeZ) ^ <_1) (A, Z/JfcZ)) similarly to that of i = 1,2. 
If x £ K(A), we use /3(x) for p®(x) if s £ *Q(A) and for /^ i} (x) if x £ i<Q(A, Z/A;Z). Thus we 
have a map /3 : Jf(A) -» jf(A ® ^(S 1 )) as well as 3 : K(A <g> ^(S 1 )) /3(if(A)). Therefore one 
may write K(A ® (7(5^)) = if (A) 

On the other hand /i induces homomorphisms h*i. k '■ Ki(A®C{S l )),'L/k'L) — > Ki(B,Z/kZ), 
k = 0, 2, and i = 0,1. 

We use Bott(/i,u) for all homomorphisms h*i k o . We write 

Bott(M) = 0, 
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(i) 

if h*i t k o [3 k = for all k > 1 and i = 0, 1. 

We will use botti(fo, for the homomorphism h\$ o /J^ 1 ) : i^i(^4) — > Kq(B), and botto(/i, 
for the homomorphism ho,o ° : Kq(A) — > K\(B). 

Since A is unital, if botto(/i, f ) = 0, then [v] = in K\{B). 

In what follows, we will use z for the standard generator of C(S l ) and we will often identify 
S 1 with the unit circle without further explanation. With this identification z is the identity 
map from the circle to the circle. 

2.11. Given a finite subset V C K_{A\ there exists a finite subset J 7 C A and 5q > such that 

Bott{h,v)\ P 

is well defined, if 

\\[h(a), v}\\ = \\h(a)v - vh(a)\\ < 8 for all a£f 

(see 2.10 of [33]). 

There is 5± > ([35]) such that botti(-u,i>) is well defined for any pair of unitaries u and v 
such that \\[u, v}\\ < 5\. As in 2.2 of [13], if v±,V2, are unitaries such that 

UK < Si/n, j = 1,2, ...,n, 

then 

n 

botti(n, ^1^2 • ■ ■ v n ) = botti(uj Vj). 

i=i 

By considering unitaries z£A®C (C = C n for some commutative C*-algebra with torsion 
Kq and C = SC n ), from the above, for a given unital separable C*-algebra A and a given finite 
subset V C 2]C(>1), one obtains a universal constant <5 > and a finite subset J- C A satisfying 
the following: 

n 

Bott(/i, Uj)|p is well defined and Bott(/i, • • -w n ) = ^^Bott(/i, fj), (e2.6) 

i=i 

for any unital homomorphism h and unitaries V2, f n for which 

\\[h(a), Vj }\\ < 6/n, j = l,2,...,n (e2.7) 

for all a G JF. 

If furthermore, -?Q(>1) is finitely generated, then (je 2.1j) holds. Therefore, there is a finite 
subset Q C ^(^4), such that 

Bott(M) 

is well defined if Bott(/i, v)\q is well defined (see also 2.3 of [33]). 
See section 2 of [33] for the further information. 

We will use the following the theorems frequently. 

Theorem 2.12. (Corollary 17.9 of [33]) Let A be a unital AH-algebra and let e > and T C A 
be a finite subset. Suppose that B is a unital separable simple C* -algebra with tracial rank zero 
and h : A — > B is a unital monomorphism. Then there exists 5 > 0, a finite subset Q C A and a 
finite subset V C K_{A) satisfying the following: Suppose that there is a unitary u € B such that 

\\[h(a),u]\\ < S for all f EG and Bott(h,u)|p = 0. (e2.8) 
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Then there exists a continuous path of unitaries {ut : i £ [0, 1]} such that 

uq = u, u\ = u, || [h(a),Vt] || < e for all f £ J 7 and i G [0, 1], 

IK - ^ 1 1 ^ ( 2?r + e )l* - *'l /° r al1 M' G [°> !] and 
Length({u t }) < 27r + e. 

We will also use the following 

Theorem 2.13. (Theorem 3.4 of [30J; also Theorem 3.6 of |34J) Let C be a unital AH-algebra and 
let B be a unital separable simple C* -algebra with tracial rank zero. Suppose that ip\ , p2 ■ C — > B 
are two unital monomorphisms. Then there exists a sequence of unitaries {u n } of A such that 

lim adu n o p\(a) = ^2(0,) for all a G C 

n— >oo 

if and only if 

[<pi] = [(P2] in KL(C, B) and r o <p*y =to^ 2 

for all t G T(B). 

3 Rotation maps and Exel's trace formula 

3.1. Let A and B be two unital C*-algebras. Suppose that ip, ip : A — > B are two monomor- 
phisms. Define 

Mytf = {x £ C([0, 1],B) : x(0) = ip(a) and x(l) = ip(a) for some a G A}. (e3.9) 

When A = B and 93 = id^, is the usual mapping torus. We may call the (generalized) 
mapping torus of ip and if). 

This notation will be used throughout of this article. Thus one obtains an exact sequence: 

0^5BAM rt 5i^0. (e3.10) 

Suppose that A is a separable amenable C*-algebra. From (|e 3,1U[) . one obtains an element 
in Ext(A, SB). In this case we identify Ext(A, SB) with KK 1 (A, SB) and KK(A, B). 

Suppose that [ip] = [tp] in KL(A, B). The mapping torus corresponds a trivial element 

in KL(A, B). It follows that there are two exact sequences: 

-► Ki{B) ^ K Q {M V ^) K (A) -» and (e3.11) 
# (£) ^> Ki{M Vti> ) ^ K\(A) -» 0. (e3.12) 
which are pure extensions of abelian groups. 

Definition 3.2. Suppose that T(B) 7^ 0. Let u G M\(M^^) be a unitary which is a piecewise 
smooth function on [0, 1]. For each r G T(B), we denote by r the trace r ®Tr on Mi(B), where 
Tr is the standard trace on Mi as in 12.11 Define 

^M(r) = ^ f r(^u(ty)dt. (e3.13) 

Since 
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R<p,ip{u)(T) is real. 

We now assume that [tp] = [ip] in KL(A, B). We also assume that 

r((f(a)) = r(^(a)) for all a G A and r G T(B). (e3.14) 

Exactly as in section 2 of [19], one has the following statement: 

When [ip] = [tp] in KL{A, B) and (je 3.14p holds, there exists a homomorphism 

Rip,ip ■ Ki^Mprf) —> Aff(T(B)) 

defined by 

1 f 1 du(t) 



*W(M)(r) = 2~ / r(—^u(t)*)dt. 

J 

If p is a projection in M[{B) for some integer I > 1, one has i*([p]) = [it], where it G is 
a unitary defined by 

u(t) = e 27rit p + (1 -p) for £ G [0, 1]. 

It follows that 

JW»*(bD)0-) = T b) for a11 T e 

In other words, 

Thus one has, exactly as in 2.2 of [19], the following: 

Lemma 3.3. When [ip] = [ip] in KL(A,B) and (le 3.14p holds, the following diagram commutes: 

K (B) -±> K X {M^) 

PB \ 1/ -R^l/l 

Aff(T(B)) 



Definition 3.4. If furthermore, [(/?] = [0] in KK(A, B) and vl satisfies the Universal Coefficient 
Theorem, using Dadarlat-Loring's notation, one has the following splitting exact sequence: 

0^ K(SB)^K(M V:i ,) ^ g K( A) 0. (e3.15) 

In other words there is 9 G Hom\ (K(A), K(M,„ ,/,)) such that [7ro] ° = [id a]- In particular, one 
has a monomorphism OIkUA) '■ K\{A) — > K\(M V ^) such that [7To] °#|ki(.A) = (id^)*!.- Thus, one 
may write 

Ki(M^) = K (B)(BK 1 (A). (e3.16) 
Suppose also that t o <p = t o ip for all r G T(.A). Then one obtains the homomorphism 

^ *k(A) = ^l(A) - Aff(T(B)). (e3.17) 
We say a rotation related map vanishes, if there exists a such splitting map 6 such that 

Rip,ip o0 = 0. 
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Note that there is nothing standard about the splitting map 6. To keep the same notation 
as in [19], when o 6 = for some such 6, we write 

= 0. 

In what follows whenever we write fj<p^ = 0, we mean 6(K\(A)) G kerfL,^ for some so 
that (|e 3. 15[) holds. Here we do not define a map rj^^ but simply use fj^ = as a notation. 
Thus, 9 also gives the following: 

kerR^ = kerpB © K 1 (A). 

Under the assumption that [tp] = [ip] in KK(A, B) and r o p = r o ^ for all r G T(B), and 
if, in addition, Iff (A) is torsion free, such exists whenever pb(Kq(B)) = R^p :ip (Ki(M v ^)) and 
the following splits: 

— ► ker/>A — > keri?^ ^ — > -Ki(-A) — » 0. 



Lemma 3.5. Lei C be a unital separable amenable C* -algebra and let B be a unital C* -algebra. 
Suppose that cppip : C — > B are two unital monomorphisms such that [p] = [tp] in KL(C,B) and 



t o p = t o ip for all r G T(B). 
Suppose that u G Mj(C) is a unitary and w G U(Mi{B)) such that 

\\tp(u)adw(ip(u*)) - 1|| < 2. 

Then 



2ni 



T T(log(¥>(u)adu#(u*)))) G fl^(.Ki(M^)). 



(e3.18) 
(e3.19) 
(e3.20) 



Proof. By replacing (/? and ip by (8) idjvfj an d by -0 idMn respectively, we may reduce the 
general case to the case that u G U(C) and w G U(B). Note that y?(diag(u, 1)) = diag(p(u), 1) 
and ip(diag(u, 1)) = daig(^(u), 1). Also that 

log((^(diag(n, l))ad(diag(u>, w*)) (ip (diag(u* , 1)))) = diag(log(p(u)&dw(ip(u*))), 0). 

Thus, by replacing u by diag(it, 1) and w by diag(ti;, we may assume that w G Uq(B). 
It follows that there are b\, &2> b m G S s a with < 1 such that 



w 



n 

i=i 



^2nibj 



There is a smooth branch of log defined on the sp {p (u) ad w(ip (u*)). Let 

h = log(ip(u)a.dw(ip(u*)) 

2ni 



with \\h\\ < 1. Define a unitary {7 G as follows 



e -27ri(2-(2m+l)t)6i j-jm 



-2nib, 



3=2' 



ip(u*)w 



j=k+l ' 



-2nib r , 



e -2m(k+l-(2m+l)t)b k j-j 
e -27ri(m+l-(2m+l)t)6 m ^^ n *-j UJ 
^( u *) e 27ri(m+l+fc-(2m+l)i)6 fe ( 

ip(u*)e 



ip(u*)w 



2-wibi 



2ni(2m+l~(2m+l)t)b rl 



if t G 

if i G 

if f G 

if f G 

if t G 

if f G 



) 

u > 2m+l/ 
1 I 



2m+l ' 2m+l 
fc fe+1 



t) 

L) 

2m+l ' 2m+l / 
m+A; m+fc+1 ' 



2m+l ' 2m+ 
m m+1 



2m+l ' 2m+l 
2m 2m+l 1 



2m+l ' 2m+U 



(e3.21) 



(e3.22) 



(e3.23) 
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Note that 

[7(0) = ip(u*) and 17(1) = ij>(u*). 
So U(t) is indeed in M v ^. Moreover, it is piecewise smooth function on [0, 1]. It follows that 

^-.j r(^-U(t)*)dt G R^K^M^)). (e3.24) 

We also compute that 

1 f 1 f dU(t) TTf .^, 1 2 ^ fA .dU(t) 



2ni 



' fc=l 2m+T 

— (2mr(h) + ^27irr(& fe ) -^2vr7r(6 fc )) (e3.26) 

fc=i it=i 

r(/t). (e3.27) 



Thusr(/i) G R tp ^(Ki(M lfi ^)) . 

□ 

The following is a generalization of the Exel trace formula for bott element. 

Theorem 3.6. There is 5 > satisfying the following: Let A be a unital separable simple 
C* -algebra of tracial rank zero and let u,v G U(A) be two unitaries such that 

\\uv — vu\\ < 5. (e 3.28) 

Then botti(u, v) is well defined and 

^(botti(u,v))(r) = -^r(T(log(vuv*u*))) for all r G T(A). (e3.29) 

27T1 

Proof. There is 5\ > (one may choose Si = 2) such that for any pair of unitaries botti(it, v) 
is well defined (see 12.11"]) . There is also 5 2 > satisfying the following: if two pair of unitaries 
u%, v% , «2) V2 such that 

\\u\ - u 2 \\ < 5 2 , \\v\ - v 2 \\ < 5 2 (e3.30) 

as well as 

|| [ui, vi]\\ < <V 2 and l|[«2> tfc]|| < Si/2, 

then 

botti(ui,Ui) = bott 1(1^2, ^2). (e3.31) 

We may also assume that 

||uiUiU*iti — 1|| < 1 whenever \\[ui, Ui]|| < S 2 - 

Let 

F = {z G S 1 : \z - 1| < 1 + 1/2}. 

Let log : F — * (— vr, ir) be a smooth branch of logarithm. 

We choose 5 = min{<5i/2, 52/2}. Now fix a pair of unitaries u,v & A with 

\\[u,v]\\<6. (e3.32) 
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For e > 0, there is 63 > such that 

|log(t)-log(0| <e (e3.33) 

provided that \t — t'\ < 83 and t, t' G F. 
Choose €1 = min{e, 5^/4, 5/2}. 

Since TR{A) = 0, There is a finite dimensional C*-subalgebra B of A, a projection p G A 
with 1b = p, unitaries u' , v' G B, and u", v" G (1 — p)A(l — p) such that 

\\v! + u" - u\\ < ei, + -v|| < ei (e3.34) 

and r(l-p) < ei for all r G T(4). (e3.35) 

In particular, 

botti(u' + 1/ + v") = botti(ti, v). (e3.36) 

Therefore 

p A {hotti{v! + u" ,v' + v"))(t) = p A (botti(n,f))(r) (e3.37) 

for all r G T(A). 
Note that 

|| [«', v']\\ < 5 and ||[«", v"]\\ < 5. (e3.38) 

We also have 

\\v'u'{v')*{u')* -p\\ < 2 and \\v"u" {v")*{u")* - (1 -p)|| < 2. (e3.39) 
Write B = 0^ =1 M /(j) and 

«' = ©5=i« , 0") and v ' = ® r j=WU), (e3.40) 
where u'(j),v'(j) G ^(j) are unitaries. By Exel's trace formula ([14]), one has 

Trjibott^u'U^v'ij))) = ^Trj{\og(y'(j)u'{3)v{j)*u(j)*)), j = l,2,...,r, (e3.41) 

where Trj is the standard trace on Mujy Suppose that r G T(A) then there are Xj > such 
that 

t^ ) = ^dr\ B = ±^- ) Tr j . (e3.42) 



It follows that 



We also have 



T(bott!(u',t/)) = —T(log(v'u'{v'y(u'y)). (e3.43) 



r(log((u' + + u")(t/ + v")*{v! + «")*))) (e3.44) 

= r(log(«V («')*(«')*)) +r(log(«V / (u")*(u // )*)). (e3.45) 
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Note that 

\^-T(log(v"u"{v")*{u"y))\ <r(l-p)<e (e3.46) 
and r(botti(M ,, ,u // )) < e (e3.47) 
for all r G T(A). It follows that 

|^(bott(«,«))(r) - ^-t(\o^({v' + v")(u' + u"){v' + v"Y{u' + u")*)))\ < 2e (e3.48) 

for all r € T(A). 

By (|e3.34p . we have 

||Wu* - (i/ W0(^' WOK + OV + Ol < 4ei- (e3.49) 
Thus, by the choice of ei and by (je 3.34j) . 

|-i T [T(log((« / + «")K + n ,/ )(f / + f")*(^ + ^ / )*)) -r(log(vuv*u))}\ < e (e3.50) 



for all r G T(A). Thus, by (|e 3.5U|) and (Ie3.48|) . 



1/9^4 (bottj(u,«))(r) — r (log ('»«'!;*«) )| < 3e (e3.51) 

2ni 



for all r G T(.A) and for all e. Let e — > 0, we obtain 



for all r G T(A). 



j0^l(botti(n, w) = - — : r(log(rau*ti)) (e3.52) 



□ 



4 Asymptotic unitary equivalence 

Lemma 4.1. Lei A be a unital AH-algebra, and let B be a unital separable simple C* -algebra 
of tracial rank zero. Suppose that <pi,ip2 : A — > B are two unital homomorphisms such that there 
is a continuous path of unitaries {u(t) : t G [0, oo)} C B such that 

lim adu(i) o 991(a) = 992(a) for all a £ A. (e4.53) 

Then there is a continuous piecewise smooth path of unitaries {w(t) : t G [0, 00)} C B such that 

lim &dv(t) o 991(a) = 992(a) for all a G A. (e4.54) 

t— »oo 

Proof. Define w(t) = u(0)*u(t). Then u>(0) = 1 and w(t) G U (B) for each t G [0,oo). Let {J" n } 
be an increasing sequence of finite subsets of A whose union is dense in A. Without loss of 
generality, we may assume that, if t > n, 

&du(0)w(t) o ip 1 sij/y, ip 2 on T n . (e4.55) 

Let 5 n > 0, Q n C A and V n C be finite subsets be required by I27L21 (17.9 of [33]) 

corresponding to 992, 1/2™ and T n , n = 1,2, .... We may also assume that Bott(/i, u')\-p n is well- 
defined for any unital homomorphism h : A^> B and a unitary u' £ B whenever ||a(a), u}\\ < 5 n 
for all a G Q n . 
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Let r\ n > (in place of S) and let Q' n C A be a finite subset required by Lemma 9.3 of [33] 
for L = 2-7T + 1, Q n and 5 n /2 (in place of e). We may assume that r] n < 5 n /2 and Q' n D Q n - 
There are {s n } with s n+ \ > s n > n such that 

adu(0)w(t) otp-i & Vn / 2 ¥2 on Q' n . (e4.56) 

It follows that 

||</?2(a), w(s(n))*w(t)] | < 5 n for all a £ Q' n and f > s(n). (e4.57) 

Moreover, since w(s(n))*w(s(n)) = 1, we conclude that 

Bott(<p 2 ,w(s(n))*w(s(n + l)))\ Vn =0 (e4.58) 

Combining [242] and the proof of Lemma 9.3 of [33j, we obtain a continuous and piecewise smooth 
path {z n (t) : t G [s(n), s(n + 1)]} such that 

z n {s(n)) = l, z n (s{n+l)) = w{s{n))*w(s(n + 1)) (e4.59) 

\\[<p 2 (.a), z n {t)}\\ < 1/2™ for all a G T n . (e4.60) 

It is standard to find a piecewise smooth path of unitaries \v(t) : t G [0, s(l)]} such that 

v (0) = u (0) and f(s(l)) = ii(0)u/(s(n)). (e4.61) 

Define v(t) = u(0)w(s(n))z n (t) if t G [s(n),s(n + 1)), n = 1,2,.... It is easy to check, by 
(Ie4.56p and (|e4.6UI) . that 

lim adv(t) o ipi(a) = (^2(0) 

for all a G A. 

□ 

Lemma 4.2. Let A be a unital stably finite C* -algebra and u(t) G C([0, 1)),^1) be a unitary 
which is piecewise smooth. Suppose that w(t) = u(t)*zu(t) for some unitary z G A. Then 

cM>) _ Q dl t g T ,j. M t G , 1 , ( e 4.62) 

at 

Proof. Let y = u(0), z' = yzy* and v(t) = y*u{t). Then v(0) = 1. Therefore by considering 
v(t)* z'v(t), without loss of generality, we may assume that u(0) = 1. 

Let < d < 1. We obtain hi(t), h 2 (t), h k (t) G C([0, d], A) such that 

u(t) = exp(i/ii(t)) • exp(i/i2(t)) • • • exp(ihk(t)) 

for t G [0, d]. We claim that 

T(^j^w*{t)) = for all t G [0, d] (e4.63) 

and for all r G T(yl). We prove this by induction on k. For k = 1, we may write -u(t) = exp(ift.(i)) 
for i G [0,d]. Thus 

T(^fw(ty) = T([-^u(tyzu(t)+ U *(t)z^ U (t)Htyz*u(t)) (e4.64) 
= ^f)+^(^f^)) (e4.65) 
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for all r G T{A). Suppose that the claim holds for k. Write u(t) = exp(ih(t))v(t), where v{t) 
can be written as product of k exponentials. In particular, 

^ *J (v(t)*z*v(t))dt) = for all r G T(A) and t G [0,d]. (e4.67) 

Then 

T(^f±w(ty) = r{-*$- ) + r (e-^«) WW* ®) („( W ))^)) (e4.68) 

(X6 Ctt (Z6 

+r(e ih( V*)*M*)^^(«(*)**M*))) (e4.69) 
= -r(^) + t( «*)**«(*)) (B(W )) +T (M) = 0, (e4.70) 

Therefore 

r(^^-w(t)*) = for all r G T(4) and for all t G [0,d]. 

It follows that 

T(^j^w(t)*) = for all r G T(4) and t G [0, 1). 

□ 

The following is a modification of (i) (ii) of 3.1 of |19j . 

Theorem 4.3. Let A be a united separable C* -algebra satisfying the Universal Coefficient The- 
orem and let B be a unital separable C* -algebra. Suppose that (pi,<p% : A — > B are unital 
monomorphisms such that 

limadu(t) o 991(a) = if 2(0) for all a G A (e4.71) 

tooo 

for some continuous and piecewise smooth path of unitaries {u(t) : t G [0, 00)} C B. Then 

[fi] = [f 2], t ° f\ = r o if 2 for all t G T{A) (e4.72) 
and fj 9u(p2 = 0. (e4.73) 

Proof. By changing parameter, we may assume that 

limadu(i) o if\(a) = if 2(a) for all a £ A 

and for some continuous path of unitaries {u(t) : t G [0, 1)} C B. 
Let 

Mipim ={f G C([0,1],B) : /(0) = ^i(a) and /(l) = f 2 {a) for some a G A}. 
Define I7(t) G M 2 (C([0, 1],B) as follows. 

^)= T '(J „(o)) T - < e4 - 74 » 



for t G [0, 1/2), where 

It 



cos(7rt) — sin(7ri) 
sin(7ri) cos(7rt) 
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and define 



U(t) = ( n(2(t " 1/2)) fj. (e4.75) 
Define $ : A -> M 2 (M v , li¥ , 2 ) by 

$(a)(i) = U(t)*r' 1 ^ ^ I7(t) for all t e [0, 1) and (e4.76) 

*(«)(!) = o)- ( e4 - 77 ) 

<3? is a monomorphism. Moreover, ttq o $ = id^- This implies that the extension given by the 
mapping torus M Vl ^ 2 is stably trivial. The map $ also gives the following splitting exact 
sequence: 

TO 

O^K(SB) -^(M^ 2 ) <=i [4] K{A) 0. 

It follows that 

M = [^ 2 ] in KK(A, B). 

It is also clear that 

roi^j = r o (p 2 for all r G T(B). 

To show that fj(p ls <p 2 = 0, we note that J7(i) is piecewise smooth and continuous. 
Let z G U(M 2 k(A)). We write $ for $ <g> idM fc and 



I7(t) = diag(U(t),U(t),...,U(t)) for all i G [0,1]. 

Then 

*(z)(i) = U(t)*zU(t). (e4.78) 

It follows from [O] that 

I T&^-${z)(tf)dt = for all r G T(B). (e4.79) 
Jo dt 

This implies that 
Thus 77^!,^ = 0. 

□ 

Corollary 4.4. Let A be a unital AH-algebra and let B be a unital separable simple C* -algebra 
with tracial rank zero. Suppose that (fx , ip 2 ■ A — > B are two unital monomorphisms which are 
asymptotically unitarily equivalent. Then 

[<px\ = [<p 2 ] in KK{A, B),fj,p 1>(p2 = and (e4.80) 
r o (pi = r o (p 2 for all r G T(B). (e 4.81) 

Proof. This follows from 14.31 and 14.11 immediately. 

□ 
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5 Almost commuting unitaries and bott element 

Lemma 5.1. Let A be a unital separable simple C* -algebra with real rank zero and stable rank 
one and weakly imperforated Kq(A). Suppose that x G Kq(A) and there is a projection p G A 
such that 

2\p a (x)(t)\ < r(p) for all r G T(A). 
Then there exist two projections p\ , p2 G pAp such that 

[Pi] - [P2\ = X. 

Proof. It follows from pQ that pa(Kq(A)) is dense in Af f(T(A)). Therefore there is a projection 
q G A such that 

\ P a(x)(t)\ < r(q) < Bp for all r G T(A). 
Let ?/ = [q] + x G K (A). Then 

Pa(v)(t) > for all r G T(A). 

It follows that there is a projection e G Mr-(^4) for some integer K > 1 such that [e] = y. Then 

r(p) > r(e) for all r G T(A). 

Then there is a projection e' G pAp such that [e'] = [e] in Kq(A). We may also assume that 
q < p. However, 

[ e '\ -[q]= x . 

□ 

Lemma 5.2. Let 1 > e > 0. For any unital separable simple C* -algebra A with real rank zero, 
stable rank one and weakly unperf orated Kq(A), any unitary u G U(A) with sp(u) = S , there 
exists 5 > satisfying the following: for any x G Kq(A) with 

\ Pa (x){t)\ < 5 for all r G T(A), (e5.82) 
there exists a unitary v G Uq{A) such that 

|| [it, v]\\ <e and botti(u, v) = x. (e5.83) 
Proof. Fix e > 0. There exists an integer uq > 1 such that 

\oj n — 1| < e/2 for all n > no, (e5.84) 

where uj n = e 2m ^ n . 

By 3.3 of [30J, for the given unitary u, there is 5\ > and a finite subset T C C(S' 1 ) satisfying 
the following: for any other unitary u\ G U(A) with 

[m] = M and |r(/(m)) - r(f(u))\ < S 1 (e5.85) 

for all / G J 7 and r G T(j4), then there exists a unitary G f7 (^4) such that 

\\W*uiW - u\\ < e/4. (e5.86) 

Choose <5 = ^J^. There exists a unital AF-algebra C such that 

(^o(C),Ko(C) + ,[l c ]) = (pa(K (A)), Pa (K (A)) + ,1). (e5.87) 
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Suppose that x 6 Kq(A) such that 

\Pa{x){t)\ < 5 for all r € 
There are projection p^ £ A such that 



(e5.88) 



(e5.89) 



(e5.90) 



25 > r(pjp) > 2\pa(x)(t)\ for all r € T(A). 
It follows from 15.1 1 that there are two projections p'i,p' 2 G Pq Apjp such that 

b'J - |j>£] = 

Put y = pa{x)- There is a projection p^ € C such that 

\p i o ) ] = PA(\p£ ) }). (e5.91) 

In C, there is a finite dimensional unital C*-subalgebra B C PqCPq and two projections 
?i j Q2 G -S such that 



b'(gi)] - b'(92)] = y 



(e5.92) 



where j : -B — > C is the (unital) embedding. Thus we obtain a unital monomorphism ifi : B 
Pq ApQ such that 



PA(bP(qi)} - [V'fe)]) = y. 



(e5.93) 



Write B = M m © M n2 © • • • © M nK . Since C is a simple AF-algebra, we may choose (larger) B 
so that iik > n 0i k = 1,2, K. We may write 



PA(ip*(ki,k 2 , ..;kK)) = V, 



(e5.94) 



where \ki\ < rn are integers, i = 1,2, K. 

Let Ek = ^(ljvfn )j where we view lM„ fc as a projection in i?, k = 1,2, ...,K, Let {e^fe} be 
a system of matrix unit for M rafc . 

Define 



5, 



/0 
1 
1 



\0 



1\ 





and W, 



>' k 



1 0/ 



< 



\ 



o \ 




(e5.95) 



We compute that 



— Tr(\og(W nk S nk W; k S* nk )) = 1. 



(e5.96) 



Let n' Q = max{|/cjj : 1 < i < if}. By ()e 5.89p . there are ?2q — 1 mutually orthogonal and mutually 



equivalent projections p^\p§\ ■■■,Pq G (1— p K Q ! )A(l— p^') for which p^' is equivalent to Pq 1; . 
Thus there is a unitary Xi £ A such that 

Xtp$- ) X i =p$ ) , i = l,2,...,n' . 

Note we assume that Xi = 1a- 



0-h 



,W 5c 
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We write S nk = ai,jei,j,k, where a it j are zero's or 1. Define T s = Ylm=i X mSn k X m and 
z S = Tt=x X*rJv ] Xm, s = 1, 2, K. Define p = £f =1 e s . Define u M = £^=i X?(E£i <e.-,i,«)*i, 
s = 1, 2, i^. Define u\ = Yl s =l ^ s an< ^ define v\ to the sum of vi >s or s depending kj is non- 
negative or negative. Then one computes easily 

\\uivi — uiitiH < max{|l — uj nk \} < |1 — w no \. (e5.97) 

k 

Moreover, by (|e 5.94|) . the Exel trace formula and (|e 5.96p . 

PA(botti(ui,ui)) = y. (e5.98) 
Let pi £ (1 — p)A(l — p) such that 1 — p — p\ ^ and 

r(l -p-pi) < 5 for all r € T(A). (e5.99) 
Let p2, P2 £ (1 — p — pi).A(l — P — Pi) be two mutually orthogonal non-zero projections such that 

P2+P3 = 1 - P-Pl- 

It follows from 4.3 of [33j that there is a unitary U2 € PiApi with finitely many points in the 
spectrum of U2 such that 

|n(/(«2)) - r(f(u))\ < 5/2 for all r € T(A) (e 5.100) 

for all / € J 7 , where ri(6) = ^|^y for all 6 G p\Ap\. Let xi = x — botti(ui, «i). Then 

xi € ker/9^- (e5.101) 

It follows from [25] that there exists a unital homomorphism (necessarily injective) if \ : C(S l x 
S* 1 ) — > P2^-P2 such that 

botti((/9i(z (8> 1), y?x(l (g> z)) = X! and (v?i)*i = 0, (e 5.102) 

where z is the identity function on the unit circle. 
There is a unitary 113 G P3AP3 such that [143] = [u]. 

Now define U = u\ © 112 © 931(2 <8> 1) ©U3 and = ffip2l © y?i(l <8> z) ©P3- Since ui G ip(B), 
U2 has finite spectrum and (ty?i)*i = 0, 

[U] = [u]. 

One also easily verify that 

II [U, v']\\ < \1 - u n \ < e/2 and botti (£7, v') = x 

Moreover, 

|r(/(C/)) - r(/(n))| < 5 for all r G 

for all / G J". By 3.3 of [30], there is a unitary G J7(A) such that 

\\W*UW-u\\ < e/4. 

Now define v = W*v'W. It follows that 

||uu- tro|| < \\[U,v']\\ + \\W*UW-u\\ 
< 1 -u) no \ + e/4 < e 

Moreover, 

botti(tt, u) = x. 



(e 5.103) 

(e 5.104) 

(e 5.105) 

(e 5.106) 
(e 5.107) 

(e 5.108) 
□ 
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Remark 5.3. It is the application of 3.3 of [30] that requires 5 depending on it. However, if we 
apply Theorem 4.6 of [30J, then we can choose 5 independent of u as well as A but 5 is required 
to be dependent on a given measure distribution on the unit circle. 

The following is certainly known and follows from 2.6.11 of [24] immediately. 

Lemma 5.4. Let X be a compact proper subset of the unit circle. Then there exists 5 > 
satisfying the following. If A is a unital C* -algebra, u and v are two unitaries with sp(u) C X 
and 



\\[u,v]\\<5, (e 5.109) 

then 

botti(u,v) = 0. (e 5.110) 

Proof. Let e = 1/2. Let d > so that S 1 \ X contains an arc of length d. Let 5 > be as in 
2.6.11 of [2jj. Then, by 2.6.11 of [23], there is a selfadjoint element h £ A such that exp(ih) = u 
and 



\\[exp(ith), v}\\ < e for all t E [0,1]. (e5.111) 
Let u(t) = exp(ith). Then u(0) = 1 and u(l) = u. It follows from (je 5.111|) that 

botti(ti, v) = 0. 

□ 



6 Finite CW complex 

Definition 6.1. Let / : S 1 —> S 1 be a degree k map (k > 1), i.e., a continuous map with the 
winding number k. Following 4.2 of [11], denote by Tjj^ = D 2 Uj S , the connected finite CW 
complex obtained by attaching a 2-cell D 2 to S 1 via the map /. Then 

K (C{T n , k )) =Z0B and iTi(r //>fc ) = {0}. (e 6.112) 

Let g : S 2 -> S 2 be a de gree k map (A; > 1). Let Tjjj^ = D ?J U g S 2 be the connected finite 
CW complex obtained by attaching a 3-cell D s to S 2 via the map g. Then 

K (C(T in , k )) = Z and ifi(C(T m , fc )) = Z/A:Z (e 6.113) 

(see 4.2 of [II]). 

Definition 6.2. A unital AH-algebra is said to be of first kind if it is inductive limit of C*- 
algebras with the form M i (C(S 1 )) and PMi{C{T II)k )P. 

A is said to be of second kind if it is inductive limit of finite direct sums of C*-algebras with 
the form PMi(G{Tn, h )P and PM^CiTm^P. 

The following statements follows immediately from [H] and [28J 

Proposition 6.3. Let A E be a unital separable simple C* -algebra of tracial rank zero. 

(1) Suppose that K\(A) is torsion free (i = 0,1). Then A is a unital AH-algebra of the first 
kind. 

(2) Suppose that K\(A) is torsion. Then A is a unital AH-algebra of the second kind. 
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Lemma 6.4. Let A be a unital separable simple C* -algebra with tracial rank zero. 

(1) Suppose that there is a homomorphism 7 : Z fc — > K\{A). Then there exists a unital simple 
AH-algebra Aq of the first kind with tracial rank zero and with K\{Aq) = and there exists a 
unital monomorphism (po : Aq — > A such that (p*o gives an order isomorphism and ip*\ = 7. 

(2) There is a unital simple AH-algebra A\ of the second kind with tracial rank zero with 
K\{A\) = Tot(K%(A)) and a unital monomorphism ipi : A\ — > A such that (</>i)*o ^ an order 
isomorphism and = '^TorlKAA))- 

Proof. By [11], there is a unital simple AH-algebra Aq of real rank zero and slow dimension 
growth such that 

Kx(Aq) = 1} and (e 6.114) 

(K (A ),K (A )+,[l Ao ]) = (K (A),K (A)+,[1 A ]). (e 6.115) 

Note that Aq has tracial rank zero (see [21]). It also follows from 4.6 of [25] that there is a unital 
monomorphism (po : Aq — > A such that (^o)*o is the order isomorphism and (</?o)*i = 7- This 
proves (1). 

For (2), by [11], there is a unital simple AH-algebra A\ with real rank zero and slow dimension 
growth such that 

Kx{A{) = Tor (if 1 (A)) and (e 6.116) 

K (A 1 ),K (A 1 )+,[l Al ]) = (Kq(A),Kq(A) + ,[1 a }). (e6.117) 

As the above, one obtains a unital monomorphism tpi : A% — > A such that (y?i)*o gives the order 
isomorphism and {<pi)u = i&Tm{Ki{A))- 

□ 

The following theorem follows immediately from a version of the statement in [T7] 

Lemma 6.5. Let X be a compact metric space with K\(C(X)) = Z fc © Go, where Gq is a finite 
group. 

Let A be unital separable simple C* -algebra with tracial rank zero and let 7 : K\(C{X)) — > 
K\(A). Suppose that A : C(X) s . a . — > Af f(T(A)) is a positive linear map. Then there exists a 
unital simple AH-algebra Aq of tracial rank zero with K\(Aq) = Z fc and a unital monomorphism 
ifo : Aq — > A such that 93*0 gives an order isomorphism and (p*i = j\%k. Moreover, for any 5 > 
and any finite subset Q C C(X) SM , there exists a unital monomorphism h : C(X) — ► Aq such 
that 

ifQ o h*i\ Z k = 7|z*;, /i*i|g = and |r o h(a) — A(a)(r)| < 5 for all a £ Q. (e6.118) 

Proof. Choose two non-zero mutually orthogonal projections pi,P2 £ Aq such that 

r{pj) < 5/ A for all r G T(A ), j = 1,2. (e 6.119) 

Note that Ki(pAop) = K{(Aq), i = 0, 1. It follows from 4.7 of [25] that there is a unital homo- 
morphism ho : C(X) — > pi^4oPi such that 

(Mi*lz* = id ^- (e 6.120) 

There is a non-zero projection pi € ^4o- It follows from 3.6 of [17] that there is a unital ho- 
momorphism h 00 : C(X) — > (1 — pi — P2)Aq(1 — pi — P2) with finite dimensional range such 
that 

\r o /ioo(/) - A(/)(r)| < 5/4 for all a € £. (e 6.121) 



20 



It is well known that there exists a unital monomorphism h\ : C(X) — » piA^pi which factors 
through G([0, 1]). Now define h : C{X) -> A by = /io(/) + /ioo(/) + /ii(/) for all / G G(X). 

□ 

Lemma 6.6. Lei X fe a connected finite CW complex with K\{C(X)) = Z fc © Go, where Go 
is a finite group, and let A be a unital separable simple C* -algebra of tracial rank zero. Let 
C = PM r {C{X))P, where I > is an integer, P G Mi(C{X)) is a projection. 

Suppose that h : C —* A is a unital monomorphism. Then, for any e > and any finite 
subset T C C(X), there is a projection p G A, a unital monomorphism (fo : Aq — > pAp, where 
Aq is a unital simple AH-algebra of the first kind with tracial rank zero and with K\(A§) = Z fc 
such that (<£>o)*i = ^*ilz fc > an d there is a unital simple AH-algebra A\ of second kind with tracial 
rank zero and with Ki{A{) = Tot(Ki(A)), a unital monomorphism ipi : A\ — > (1 — p)A(l — p) 
with (vi)*i = idxor(i<" 1 (A)) an d ( < / 9 i)*0 ^ s an order isomorphism, and a unital monomorphism 
hi : G — > Aq with [z* = id z t anc? a unital homomorphism hi : C — > Ao (/i2)*i|z fc = 

and (/i2)*i|g = ^*i|g swc ^ 



(e 6.122) 



Proof. We first assume that C = C(X). The general case will be dealt with at the end of this 
proof. 

Write K Q (C) = Z © G o, where G o = kerp c . 

Fix e > and a finite subset F C C(X). Let (5 > 0, 7 > 0, a finite subset Q C C(X) and 
a finite subset "P C K_[C) required by 3.3 of[3D] for h, e and F. Without loss of generality (by 
taking even smaller 5 for example), we may assume that Q C G(X) S .„.. 

Let A : C{X) s a — > Af f(T(A)) be induced by /i. Choose a non-zero projection e G A such 
that r(e) < 7/2 for all r G ^X-A). Let ^4o and </?o be as in l6.5l but we replace A by (1 — e)A(l — e), 
and 5 by 7/2. We also use hi for /i given in 16.51 Define 



K = [h}- [ipo o hi] G KL{C,A) = Hom A (K(C),K(A)). 
In particular, by identify Z fc with the free part of Ki(C), 

n\ Z k = and k\g = Ki\g - 



(e 6.123) 



(e 6.124) 



Moreover, k([1 c ]) = [e] and pa(k(Goo)) = 0. 

By (2) of 16.41 there is a unital simple AH-algebra Ai of the second kind with tracial rank 
zero and with Ki(Ai) = Tor (if 1 (A)), and a unital monomorphism <pi : Ai — > eAe such that 
(</?l)*0 is an order isomorphism and 



From 



K (Aj 




(</>l)*l = fo|Tor(ii"i(A))- 



[Vi] 




i^o(A) 



K (A,Z/kZ) 
Kx(A, Z/kZ) 

ifi(Ai Z/jfcZ) 




(e6.125) 
Tor^A)) 



^i(^) 




Tor(ifi(A)) 
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one calculates that all maps [ipi] are injective and [ip\] from Ko(Ai,Z/kZ) to Ko(A,Z/kZ) 
is an isomorphism. Since (/ii)*i maps Go into Tov(Ki(A)), by (le6.124p . then there is x G 
Hmn A (K(C),K{A{)) such that 

x x [ipi] = k. (e 6.126) 



Note that x([lc*]) = [IaJ arid x(Gqo) G kerp^. It follows from 4.7 of [25] that there exists a 
unital homomorphism /i 2 : C — > A\ such that 

[/» 2 ]=<e. (e 6.127) 

Define /13 : — > A by /13 = <po hi <pi o /i 2 . Then, 

[fca] = [h] in KL{C,A) (e 6.128) 

We also have 



|t o /i 3 (/) -to < 7 for all f £ G- (e 6.129) 

It follows from 3.3 of [30] that there exists a unitary u £ U (A) such that 

ad u o ^ 3 « e /i 2 on T. (e6.130) 

This proves the lemma in the case that C = C(X). 

Now consider the case that C = Mi(C(X)). Let en G M;(C(X)) be a constant rank one 
projection. Let eo = h(ei : i). By replacing A by eoAeo and /i by h\ ei 1 c ei 1 , one easily sees that 
this case reduces to the case that C = C(X). 

Now consider the general case that C = PM[(C{X))P. There is r > 1 such that there is 
projection q G M r (C) such that (q + P)M r (C)(q + P) = M h (C{X)). We then first extend h 
to h® id.M r '■ M r {C) — > M r (A). We then obtain the desired homomorphisms h'i,h% : M r {C) —* 
M r {A) as well as (p' and tp' x . We then restrict h\ and h' 2 on PM r (C)P = C. It is easy to see 
that the general case can be reduced to the case that C = M/(C(X)). 

□ 

Lemma 6.7. Let X be a connected finite CW complex, C = PMi(C(X))P, where P G M t (C(X)) 
is a projection, and let A be a unital separable simple C* -algebra with tracial rank zero. Suppose 
that h : C — > A is a unital monomorphism. Suppose that k G Hom\(K_(C ®C(S 1 )), K_(A)) such 
that 



iAk{C) = [h] and Pa (k((3{Ki{C)))) = 0. (e 6.131) 

Then, for any e > and any finite subset T C C, there exists a unitary u G U (A) such that 

\\[h(a),u]\\ < e for all a G T and Bott(h, u) = k|/3(k(C))- (e 6.132) 

Proof. Suppose that d = dimX. We will prove this for the case that C = M r (C(X)). The general 
case follows from the fact that there is a projection Q G Md+i(C) such that (Q+P)Md+i(C)(Q+ 
P)^M V (C{X)). 

Define H : C ® CiS 1 ) ^Aby H(f ® g) = h{f)g{l) for all / G C and g G C{S l ). 

Since Ki(C) is finitely generated, from l2.lTl as in 2.10 of [33], there is #o > 0, a finite subset 
Go C C and a finite subset Vq C K(C) satisfy the following: for any unital homomorphism 
h' : C — > A and any unitary v! G U(A) with 
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Bott(/i', u')\-p Q is well defined and Bott(/i', u')\-p Q defines Bott(/i', u'). 

Let e > and let T C C be a finite subset of the unit ball. Denote S = {lcfS 1 )) z }i where 
z G C(S' 1 ) is the identity function on the unit circle. 

Let 8\ > and J-j C C be finite subset such that 

Bott(ti ,u')\ Va = Bott(/i",u")b 
for any two pairs of h', u' and h" , u" for which 

\\[h' (a), u']\\ < 61 and \\[h"{a), u"]\\ < 8 X 
for all a E J-\, provided that 

h ~5j h on JFx and \\u —u"\\ < 5\ (e6.133) 
Let ei = min{e/2, <5 /2, <5i/2} and f 3 = f ug Uf 2 . 

Let 5 > 0, 7 > and £/ C C be a finite subset which are required by 3.3 of [30J for e\ and Tj, 
and h above. We may assume that 6 < e\ and Q D J-3. Moreover, without loss of generality, we 
may assume that Q is a subset of the unit ball of C. 

Define B = C ® C(S l ). We may write Kq(B) = Z © Go, where Go = keips- Suppose that 
k > 1 is an integer such that 

kx = for all x G Tor(iQ(£)), i = 0, 1. (e 6.134) 

Put m = k\. Then, by 2.11 of [8], 

Hom A (F m K(B),F m K(B)) Hom A (K(B), K{B)). (e6.135) 

Since ^4 is a simple C*-algebra with tracial rank zero, it is easy to find two mutually orthog- 
onal projections e,e' € A such that 

r(e) < 7/3 for all r G T(A) and [e] + k\[e] = [1 A ] in K (A). (e6.136) 

Therefore 



[e] = [U] in K (A,Z/nZ), (e6.137) 



where [e] and [1^] are images of [e] and [1^] in Kq(A, Z/nZ), respectively, n = 2, 3, ...,m. 
Let «/ G Hom A (F m K(B),F m K(A)) be defined by 

k'([1 b }) = [e], k'\g =k\ Go (e 6.138) 

k'\k x {b) = k\kx(b) and KVi(B,z/nZ), n = 2,3,...,m. (e 6.139) 

Note that, by (|e 6.137f) . so defined is indeed in Hom\ (F m K(B), F m K(A)). Furthermore, 

Pa (k(x)) = for all x G G . (e 6.140) 

By He 6.1350 . 

«/ G KK(B,A) + . (e 6.141) 

(see |25| ) It follows from 4.7 of [25] that there exists a unital homomorphism ip\ : B — ► e^4e 
such that 

[v? 1 ]=k / . (e 6.142) 



23 



Let e\ G (1 — e)A(l — e) be a projection such that r(ei) < 7/3 for all r G T(A). 

It follows from 2.25 (1) of [34J that there exists a unit monomorphism (p % : B —> e\Ae\ which 
factors through M r (C([0, 1]). Let f G X be a point and let Y = X \ {£}. Then 

[V2\ Mr (C {Y))} = in KL(C (Y),A). (e 6.143) 

It follows from 3.6 of P2] that there exists a unital homomorphism 
c/?3 : C — > (1 — e — ei)A(l — e — ei) with finite dimensional range such that 

\t o 993(a) — r o 993(a)! < 7/3 (e6.144) 

for all a £ ® S 1 and for all r G T(A). Since 993 has finite dimensional range, 

[HamcoOO)] = in KL(C (Y),A). (e 6.145) 

Now define 99 : B — > A by 

¥>(/) = ¥>l(/) + ¥*(/) + ¥*(/) for all / G B. (e 6.146) 

By (|e6.138p . (le6.14UD . (le 6.1431) and (le 6.1451) . one computes that 

[V»]=«. (e 6.147) 

Define V : C -» A by </>(/) = ¥>(/ ® lc(si)) for / e C - Then 

[n] = and \r(h{f)) - r(^(/))| < 7 (e 6.148) 

for all / G £ and for all t G T(j4). It follows from 3.3 of [30j that there exits a unitary w G A 
such that 



Put 
Then, 

By (|e6.133j) . 



w o ^(/) « £1 n(/) for all / G J% (e 6.149) 

u = &dw((p(l <S> z)). 

|| [u, h(a)}\\ < ei for all a G ^3. (e 6.150) 

Bott(n,-u) = Bott(ip,u) = k\^(k(C))- (e 6.151) 

□ 

Lemma 6.8. Let C = ® r i=1 C h where C { = PiM h (C(Xi))Pi, Pi G M k {C(Xi)) is a projection 
and Xi = S 1 , Xi = Tu tmi or Xi = Tju jm .. Let A be a unital separable simple C* -algebra of 
tracial rank zero and tp : C — > A is a unital monomorphism. 

Let Xi be a generator of K\{Ci) (if K\{C(Xij) 7^ {0}). For any e > and any finite subset 
J- C C, there is 5 > satisfying the following: For any yi G Kq (A) , if there is a homomorphism 
Ki : K\(Ci) — > Kq{A) with Hi{xi) = yi and 

\p A (yi){r)\ < 5 for all r G T(A), (e 6.152) 

there exists a unitary u G U(A) such that 

\\[ip(c), u]\\ <e for all c G T and pa botti(^, u)(xi) = PA(yi)- (e6.153) 
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Proof. Let /, G G be the identity of the i-th summand and let pi = ip(fi)- By considering 
each summand and ptApi, one sees that one can reduce the general case to the case that C = 
PMi{C(X))P, where P G Mi{C{X)) is a projection and X = S 1 , X = T II>k or X = T in ,k for 
some integer k > 1. 

The case that X = S 1 follows from 15.21 immediately. 

Since K\{C{Tn^)) = {0}, it remains to consider the case that X = Ij/j,fc- Let v G Mr(G) 
be a unitary such that K\{C) = 7Ljk7L is generated by [v]. Suppose that y G ifo(^) such that 
there is a homomorphism k : K\{C) — > Kq(A) with 

k([v]) =y. (e 6.154) 

Since k[v] = 0, it follows that ky = 0. Therefore one must have 

PA(y) = 0. (e 6.155) 

The lemma then follows when one applies 16.71 to this situation. 

□ 

Lemma 6.9. Let C G Af be a united separable simple C* -algebra with tracial rank zero, A 
be a unital separable simple C* -algebra with tracial rank zero and let h : C — > A be a unital 
homomorphism. 

Let Go be a subgroup of K\{C) generated by X\,X2, ■■■,x m . Then, for any e > and any finite 
subset T C C, there exists 5 > satisfying the following: 
If a : Go — > Kq(A) is a homomorphism such that 

\p A {a(xi))(T)\ < 5 for all t eT(A), i = l,2, ...,m, (e6.156) 

then there exists a unitary u G U(A) such that 

\\[h(a), u]\\ < e for all a £ J 7 and o bottx(h, u)(xj) = px{a[x.\)){r) (e6.157) 

for all r G T(A), i = 1, 2, m. 

Proof. It follows from [28] that C is a unital simple AH-algebra with real rank zero and with no 
dimension growth. It follows [IT] that C = lim n _ +00 (^4 n , ip n ) where each A n must be the form: 
M / (C(S' 1 )) and PMi(C(X))P, where P G Mi(C(X)) is a projection and X has the form T n>k 
or Tuifi, Moreover, ip n may be assumed to be injective (see also fl~2]). 

There is a finitely generated subgroup G' Q C i^i(A n ) for some large n such that ((p n ,<x>)*i(G' ) D 
Go- Thus, by considering /i o y? nj00 and A n , we effectively reduce the problem to the case that 
G = A n . The lemma then follows from 16.81 

□ 

Lemma 6.10. Let C G N be a unital amenable separable C* -algebra with finitely generated 
Ki(C) (i = 0, 1) and let V C K_{C) be a finite subset. Then, there is 5 > and a finite subset 
Q C G satisfying the following: If A is a unital C* -algebra and if h : C A is a unital 
homomorphism and u G U(A) is a unitary such that 

\\[h(a), u]\\<5 for all a G £, (e 6.158) 

there is an element n G Hom\(K(C ® G(S' 1 )), ; ^(^4)) suc/i that 

[h] = k\k(c) an d Bott(h, u) = k|/3(k(c))- (e 6.159) 
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Proof. This follows from Proposition 2.4 and Lemma 2.8 of |33j . 

□ 

Lemma 6.11. Let X be a finite CW complex and let C = PMi(C(X))P, where P G Mi(C(X)) 
is a projection. Let xi, x 2 , x m G Ki{C) be generators of K\(C). Let A be a unital simple 
separable C* -algebra with tracial rank zero and let h : C — > A be a unital monomorphism. For 
any e > and any finite subset T C C, there is 5 > satisfying: 
For any homomorphism a : K\(C) — > Kq(A) with 

\p A (a{xi))(T))\ < 5 for all t eT{A), i = 1,2, ...,m, (e 6.160) 

there exists a unitary u G Uq(A) such that 

botti(h, u)(xi) = a(xj), i = 1, 2, ...,m (e6.161) 

and 

\\[h(a), it] || < e for all a £ J 7 . (e 6.162) 

Proof. By considering each summand, it is clear that we may assume that X is connected. We 
now write 

K 1 (C)=Z k ®G , (e 6.163) 

where Go is a finite subgroup and A; is a positive integer. 
Let e > and a finite subset T C C be given. 
By applying 16.61 without loss of generality, we may assume that 

h = (fo o hi + ipi o h%, (e 6.164) 

where ipo , tp\, hi and hi are as described in 16.61 Let Aq, A% and p G A be as described in !6.6[ 
Let Vq = {xi,X2, ...,x m }, let Foi be the subgroup of K\{Aq) generated by {(hi)*i(xi) : i = 

1,2, ...,m} and let Fq2 be the subgroup generated by {(/i2)*l(^i) : i = 1,2, ...,m}. 
Let Vi C Kq(C) be a finite subset which includes [lc]. 
There is a; : Ki(Aq) — > -Ko(^4), * = 1)2, such that 

«i o (/n)*i| Z fc = a| Z fc and a 2 ° (M*2|g = "|g - (e 6.165) 

Let ei be 5 and To (in place of J 7 ) in 12.111 (for A = C). 

Let 5i > be required by l6.9l for Aq, ipo, the subgroup generated by {(/ii)*i(xj), (foi)*i(£2)> • (hi)*i(x m )}, 
ei/3 and .Fo U hi(J-~). Let J 2 > be required by 16.91 for yli, <pi, the subgroup generated by 
{(h 2 )*i(xi), (h 2 )*i(x 2 ), (h 2 )*i(x m )} , ei/3 a nd ^ U /i 2 (-^")- 

Choose 5 = min{5i,5 2 }- Suppose (je 6.160P holds. 

By applying 16.91 there are unitaries u\ G pAp and it2 G (1 — p)A(l — p) such that 

||^o(a), ui]\\ < ei/2 for all a£f[, p^ o botti(<p , «i)|f i = PA ° «l|jb 15 (e 6.166) 
where JF{ = /ii (JF) , and 

Il¥>i(&)> U2[\\ < ei/2 for all b G T'{ and p^ ° botti(<^i, U2)\f 02 = PA°ot2\F 02 - (e 6.167) 
Put v! = Ui + «2- It is then easy to see (with the assumption (le 6.164p )that 

|| [h(a), u'} | < ei/2 and p^ o botti(/t, it ) = p^ o a. (e 6.168) 
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We also assume that Bott(/i, u') is well denned. 
There is Ki £ Hom\(K(C), K(A)) such that 



ki\ Ki (q = —a + botti(h,u') and «i|i<- ((7) = botto(/t, u')- (e 6.169) 
Define k E Hom A (K(C ® (^(S 1 )),^) such that 

K |^ (c) = [ft] and «(/3(if (C))) = *si. (e 6.170) 

In particular, 

p A «/3(ifi(C)))) = {0}. (e6.171) 
It follows from 16.71 that there is u" E U(A) such that 

Botti (M") = ^(if(C)) (e 6.172) 

Put u = u'(u")*. Then, u E C/o(v4). Moreover, one computes that 

botti (ft, it) = botti(ft,«') - botti(/i,n") (e 6.173) 

= botti (/i, « ) + a — botti (h, u ) = a. (e 6.174) 

□ 

7 AH-algebras 

We will generalize the results in the previous section to the case that C is a unital AH-algebra. 
Let A = lim„_ +00 (A n , tp n ), where A n = P n Mu n \{C{X n ))P n , where X n is a finite CW complex, 
P n £ Mir n \(C(X n )) is a projection. The main issue is that the maps ip n may not be injective 

so i Pn,oo{.A n ) has the form ip nt0 o 

(P n )M z(n )(C(F n ))^ ni00 (P n ), where Y n is a compact subset of X n 
which can no longer be assumed to be a finite CW complex. 

Lemma 7.1. Let X be a finite CW complex, let C = PMi(C(X))P and let A be a unital separa- 
ble simple C* -algebra with tracial rank zero. Suppose that h : C — > A is a unital homomorphism 
and (p : D — > A is the monomorphism induced by h, where D = C/ker/t which has the form 
PqMi(C(F))Pq and F is a compact subset of X. 

Then, there exists a decreasing sequence of finite CW complex C X which contains F and 
a sequence of unital monomorphism h n : C n — ► A, where C n = P n Mi(C(Xi))P n , P n = ir( n \P) 
and 7r (n) : PMi(C(X))P -> C n is the quotient map, such that 

[tt»] x [p] = [h„\ in KK(C n , A) and [h n ] = [s n ] x [/i n+1 ] in KK(C n ,A), (e 7.175) 

n = 1, 2, where ir n : C n — > D and s n : C n — > C n +i are i/ie quotient maps. Moreover 

lim ||/i n o7r( n )(/)-/i(/)|| = and (e 7.176) 

n^oo 

lim ll/inOvrM^-^+xo^oTr^/)!! =0 (e 7.177) 

for all f £ C. 
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Proof. It is easy to check that the lemma for the general case follows from the case that C = 
Mi{C[X)). It is then easy to see that it further reduces to the case that C = C(X). It is also clear 
that we may reduce the general case to the case that X is connected. Let F be the spectrum of 
h. So F is a compact subset of X. Put D = C(F). 

Let {J- n } be an increasing sequence of finite subsets of C{X) whose union is dense in C(X). 

Let a n > such that 

\f(x) - f(x')\ < for all / G F n , (e 7.178) 

provided that dist(x,a; / ) < a n . One easily finds a finite CW complex X n C X such that 

X n C {x G X : dist(x,F) < a n }, n = 1,2, .... (e 7.179) 

We may assume that X n D X n+ \. Note that n^ =1 X n = F. 

Let 7r( n ) : C — » C n , 7r n : C(X n ) — > (7(F) and s n : C(X n ) — > (7(X n+ i) be the quotient maps. 
Define (p n : C{X n ) — > ^4 so that 93 n o ir( n \f) = h(f) for all / G C(X). One also has ip o 7r n = </? n . 

Lemma 13.7 of [33] provides a monomorphism fo n : C{X n ) — > ^4 such that 

/i n o7r (n) « 1/2 „ fc on ,F n . (e 7.180) 

The limit formula (je 7.177P also follows. 

Moreover, in the proof of Lemma 13.7 of [33J (see (el3.29) and the notation there), 

[h$] = [Pnlcofr)] m KK(C (Qi)),A). 

It follows that 



[K] = bn] = kn] x [h] in KL(C n , A). (e 7.181) 

□ 

Corollary 7.2. Lei C be a unital AH-algebra and let A be a unital separable simple C* -algebra 
with tracial rank zero. Suppose that h : C — > A is a unital monomorphism. 

Then, there exists a sequence of C* -algebras C n with the form C n = P n M[ n (C(X n ))P n , where 
P n G Mi n (C(X n )) is a projection and X n is a finite CW complex satisfying the following: 

C= lim(C n ,VvO, (e 7.182) 

n^oo 

where each ip n is a unital homomorphism, and there is a sequence of unital monomorphisms 
h n '■ C n — > A such that 

[K] = bPn,oo] x [% n>oo( c„)] in KK(C n , A) and (e 7.183) 

[K] = [i>n] x [h n+1 ] in KK(C n , A), (e 7.184) 

n = 1,2, .... Moreover 

lim \\h o ijj k 00(a) — h n o ^ n (a) || = and (e 7.185) 

ra— >oo 

lim || /i n+ i o Vjfe,n+l(a) - hnOip k Ja) \\ = (e 7.186) 

n— >oo 

/or aZ/ a G fc = 1, 2, ... 
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Proof. We may writ6 C — lini^ >00 (-B n , <p n ), where C n has the form B n = P n Mu n \(C{X n ))P n , 

where X n is a finite CW complex, k(n) > 1 is an integer and P n € My n \(C(X n )) is a projection. 
There exists a finite subset T n C -B n such that (fni^Fn) C ^n+i and U^ =1 (/9 rii00 (J : n ) is dense in 
C. 

Let D n = ip ni00 (B n ). Then D n = P^M k ^ n -j(C(F n ))P^, where F n C X n is a compact subset 
of X n and = ip n ,oo{Pn)- By 17. H there exists a finite CW complex Y n C -Xn such that 
Y n D F n and C n = Q n M k r n \(Y n )Q n and a surjective homomorphism s n : P n — > C n and a unital 
monomorphism h n : C n ^ A such that 

[>»n] = hn] x [/*| 7 „( C „)] in tftf(C n ,A), (e 7.187) 

where 7„ : C n — > £>„ is the quotient map. 

Let j n : D n — > -D n +i be the injective homomorphism. Prom the proof of 17.11 we may 
also assume that kers n C kers n +i o cp n . Thus we may assume that there is a homomorphism 
V>n : C n — > C n+ i such that 

s n +i o (p n = ip n o s n and j n o^ n = j n+1 o ip n n=l,2, .... (e 7.188) 

Moreover, 

K ~i/2« /i°7n on T n . (e 7.189) 

From (je 7.188|) . one shows that C = lim„_ +00 (C„, ip n ). Moreover, = 7n, w = 1,2,.... It is 

then easy to see from (|e7.189|) that (Ie7.185|) and (je 7.1861) hold. Moreover, (le 7.183|) and (|e7.184|) 
follow from (le 7.1871) . 

□ 

Lemma 7.3. Lei C be a unital AH-algebra, let A be a unital separable simple C* -algebra with 
tracial rank zero and let h : C — > A be a unital monomorphism. Write C = lim n ^ 00 (C n , ifj n ) 
so that C n and ip n satisfy the conditions in \7.%\ For any e > 0, any finite subset J- C C and 
xi, x%, xy. G K\(C), there exist 5 > 0, an integer n > 1 si, #2, x k € (ip n ,oo)*i(Ki(C n )) 
satisfying the following: 

For any a : (i>n,oo)*l{Kx(C n )) — > Kq(A) with 

\pA{a o (ipn,oo)*i(yj))\ <S for all j = 1, 2, ...,k, (e 7.190) 

where 2/2, 2/m} forms a set of generators of Ki(C n ), there is a unitary u G Uq{A) such 
that 

botti(/i, u)(xi) = a(xi), i = l,2,...,k (e 7.191) 

and 

\\[h(a), u]\\<e for all a G T. (e 7.192) 

Proof. Let {C n } and VVt be as in l72l We may assume that {xi, X2, Xk} C (ip no ,oo)*i(Ki(C no )). 
Without loss of generality, we may assume that T\ C C no is a finite subset so that VVi,°°(-Fi) 3 
F. 

There is r\ > and a finite subset F2 C C no such that 

botti(/i', f') = botti(h' , v '), 
provided that ||[/i'(a), < 17, ||[/i"(a), < 77 and 

||/i'(a) - h"(a)\\ < J] for all a € T 2 
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for any unitaries v' and v" and homomorphisms hf , h" from C no above. 
We now assume that Ti D F\. 
There is n > uq such that 

h n Ki ri h o ip n ^ on T 2 , (e 7.193) 

where h n : C n — > A is a unital monomorphism given by 17.21 

Suppose that {2/1,2/2, ■■■,Um} C ifi(C„) is a set of generators. Let e/2 > 77 > 0. Let 5 > be 
as in 16.111 associated with C n , 2/1,2/2, ■■■,y m (in place of £1,2:2, •••,^m) and with 77 (in place of e) 
and J-2 (in place of J-). By I6.11|. there is a unitary it € l^o(^4) such that 

||[/i n (a),u]|| < e/2 for all a G and (e 7.194) 

botti(/i n ,u)(2/j) = ao (^ n ,oo)*i(2/j) 5 j = 1, 2, m. (e 7.195) 

Let = (ipn ,oo)*i(zj) for some Zj G ifi(C no ), j = 1,2, ...,m. By (le 7.194j) and the choice of 77, 
we conclude that 

bott 1 (hoip n0tOO ,u)(z j ) = ao(ij) n0jOO ) llll (z j ), j = l,2,...,k. (e 7.196) 

It follows that 

botti(/*i, u)(xi) = a(xi), i = l,2,...,k. (e 7.197) 

Moreover, we have 

\\[h{a), u]\\<e for all a G T. (e 7.198) 

□ 

Lemma 7.4. Let C be a unital AH-algebra, let A be a unital separable simple C* -algebra with 
tracial rank zero and let h : C — > A be a unital monomorphism. Write C = lim n ^ 00 (C n , ip n ) 
so that C n and ip n satisfy the conditions in \7.S\ For any e > 0, any finite subset T C C and 
V C K(C), there is an integer n > 1 with V C [i|i n m ] (K(Cr>)) and an integer k{n) > n satisfying 
the following: 

For k G Hom A (K(C k{n) ® C(5 1 )),K(A)) with 

K \K(C k(n) ) = i ho ^fc(n),oo] and PA o K\p^ Kl (c k(n) )) = 0, (e 7.199) 

there is a unitary it£f/ (A) such that 

Bott(/i o ipn^u) =ko [V»»,fc(„)]| / 9(K(a,))j (e 7.200) 

and 

|| [/i(a), u]|| < e /or a// a G T. (e 7.201) 

Proof. Let {C n } and ^> n be as in 17.21 We may assume that V C [^,00] iMSPnj)- Without loss 
of generality, we may assume that T\ C C n is a finite subset so that ^,00(^1) 3 J 7 . Let Q C C n 
be a finite subset and 5 > such that 

Bott(/Y , u') = Bott(/i", it') (e 7.202) 

for any pair of unital homomorphisms h' , h" : C n — > ^4 and any unitary u' G A, provided that 

/Y ri s h" on C/, 
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\\[h'(a), u'}\\ < 5 and \\[h"(a), u'}\\ < 5 

for all a G Q. 

We may assume that Q D T\ and 5 < e/2. Choose a sufficiently large k(n) > n such that 
h k i n \ : C k i n \ — > A is the monomorphism given by 17.21 so that 

hk( n ) V>n,fc(n) ~<S h ° i>n,<x on g. (e 7.203) 

Then, by 16.71 there exists a unitary u G U(A) such that 

Bott(ft fc ( n ),u) = K|/8(£(c fc(n) )) and ll[^fe(n)(a), w]|| < e/2 for all a G ^i. (e 7.204) 

It follows from (je 7.203P that we may assume that 

Bott(/io^ n>00 ,«) = ko [ip n ,k(n)]\i3(K(c n )) and \\[h(a), u]\\ < e for all a G T . (e 7.205) 

□ 

Lemma 7.5. Let C be a unital AH-algebra, let A be a unital separable simple C* -algebra with 
tracial rank zero and let h : C — > A be a unital monomorphism. Write C = lim n _ >0O (C' n; ip n ) 
so that C n and ip n satisfy the conditions in \7.S\ For any e > 0, any finite subset T C C and 
V C K(C), there is 5 > and an integer n > 1 with V C [ijM,oo](K.(C n )) and an integer k(n) > n 
satisfying the following: 

For k G Hom A (K(C k{n) ® C(5 1 )),K(A)) with 

K \K(C k(n) ) = \ h ^fc(n),oo] and \p A {K(p{xi)){r)\ < 5, i = 1,2,..., A; (e 7.206) 

for all t G r(j4), where {x±,X2, ■ ■■,x k } forms a set of generators for Kx{C k r n ))i then there exists 
a unitary u G U (A) such that 

|| [h(a), u]\\ < e for all a G T and Bott(/i o tp nt00 , u) = k o [^^(n)] A (e 7.207) 

Proof. This is a combination of 17.31 and 17.41 Fix e > 0, T and "P as in the lemma. Let n and 
k(n) > n be in 17.41 associated with e/2 and T. 

Let 77 > and Q C C fe ( n ) be a finite subset such that both Bott(/i',u') and Bott(/i", it') are 
well defined and 

Bott(/t', u') = Bott(/i", «') (e 7.208) 

for any pair of unital homomorphisms h' , h" : Cj,( n ) — > A and a unitary u' G f7 (A) provided that 

/i' « a fc" on G (e 7.209) 

||[/i'(a), u']\\ < ri and ||[/»"(a), u']|| < n 

for all a £ <3. We may assume that ipk(n),oo(G) -> 3~ '■ 

Let k be the largest order of finite order elements in Ki(Cu n \) (i = 0, 1). Let Q G F k \K_{C k / n \) 
be a finite generator set (see 12.91 12.1Q|) ) . Let 5q and Q\ C Cu n \ be a finite subset required by 
12.111 associated with Q. We may also assume that rj < min{5o/4, e/2} and Q D 

Choose ni > fc(n) such that 

h K ~ v h o tp K;00 on ip k {n),K{G) (e 7.210) 

for all K > n\. Let {zi, Z2, z m } form a set of generators of K\{C k ^). Let = ( - 0fc( n ) iO o)*i( z i)) 
j = 1, 2, m. Let 5 > and /c(n)' > n\ (in place of n) associated with 77 (in place of e), 
ipk(n),oa(G) (in place of T) and {z[, z' 2 , z' m } (in place of xi, X2, x k ) as in 17.31 
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Suppose that k G Hom\ (K(C^„y (g> C [S )) , K_{A)) with 

K \K.{C k{n y) = [h o ipk(n)',oo] and |pA(«(/3(a?j))(r)| < 5 for all r G T(A), (e 7.211) 

j = 1, 2, fc, where {x\,X2, • ■•,£*;} forms a set of generators of i£i(Cfc( n y). Let a : (V ; fe(n)',c«)*i(-^i(Cfc 
Ki(^) be defined by a o (^. (n y i00 )*i = «ki(C fc(n) ,)- 

It follows from 17.31 that there is a unitary w G £7o(^4) such that 

\\[h(a), v]\\ < i] for all a G ipk(n),oo(G) and (e 7.212) 

botti(/i,v)((^ fc(n);00 )*i(z j )) = a((ip k ( n ) )<x )*i(zj))) (e 7.213) 

= «°((^fc(n),*(n)')*l(^)) J (e 7.214) 

j = 1, 2, m. By the choice of r] and (?, there exists k' G Hom\(K(Ck<-n) <8 C(S' 1 )), K(^4)) such 
that 

Bott(/io^ fe(n)iOOJ u) = «'|/3(£(C7 fc(n) ))- (e 7.215) 

Let 

Kl = ko [^ fc(n)ifc(n) / (glides 1 )] — k £ Hom A (K(C k{n) <g> CIS 1 )), K(A)). (e 7.216) 
Since {z 1 , z 2 , z m } generates K 1 (C k(n - ) ), by (je 7.2140, 

p A (K 1 o y 3(if 1 (C fc(n) ))) = 0. (e 7.217) 
Now by applying 17.41 we obtain a unitary ui G t^(-A) such that 

|[[/i(a), < e/2 for all a G T and Bott(/i o ^ n oo , ui) = Kl\p(K{c n ))- (e 7.218) 
Finally, put u = vu\. Then, since 77 < 5 /4, by (le 7.2181) . (je 7.2160 . (|e7.215j) and (je 7.2141) . 

||[/»(a), u]|| < e for all a G ^ and (e 7.219) 

Bott(/l o ^ n oo ,u) = Bott(/iO Vfc(n),oo lPn,k(rr)' V ) + Bott(fr O Vn,oo, «i) (e 7.220) 

= ,s 'Iw»,k»)]C£(<7»)) + («i)l/3(^„, fc(n) ](iC(C n )) (e 7.221) 

= K l/3([^, fc( „)'K^(C„)))- (e 7.222) 



We use fe(n)' for /c(n) in the statement. 



□ 



Corollary 7.6. Let C be a unital AH-algebra with finitely generated K{(C) (i = 0, 1) and let 
A be a unital separable simple C* -algebra with tracial rank zero. Suppose that h : C — > A is a 
unital monomorphism. Suppose that k G Hom\ (K(C ® C (S 1 )) , K_(A)) such that 

k\k(C) = [h] and ^( K (/3(Ki(C)))) = 0. (e 7.223) 

Then, for any e > and any finite subset T C C, there exists a unitary u G U(A) such that 

\\[h(a) , u]\\ < e for all a G T and Bott(h, u) = «|/3(k(C))- (e 7.224) 
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Proof. Let e > 0, let T C C be a finite subset and let k € i^omAQ^CfgiC^S' 1 )), if (.4)) satisfying 
(|e 7.223H be given. Write C = lim n _> 00 (C' n , ip n ) as in 17.21 Moreover, let h n : C n — > A be the 
monomorphism described in 17.21 Since -fQ(C) is finitely generated (i = 0, 1), there is k > 1 such 
that 

J ffom A (F fc K(C),F fc ^)) = Hom A {K{C),K(A)). 

Let C K(C) be a finite subset which generates FkK_{C). We may well assume that V C 
[*l>n,oo](K(C n )). Let fc(n) > n be as in [31 (for e, .T 7 and P). 
Define Kun) € Hom^K^C^i^ ® C (S 1 )) , K_(A)) as follows: 

( K fc(n))k(C fc{n) ) = ^ V>fc(n),oo] an d ( K fe(n))l/3(^(C fc( „))) =« P([lpk(n),ao] (K( C k(n)))- (e 7.225) 

Note that 

PA(°«fc(n)l/3(Jfi(C7 fc(n) )) = 0. 

We then apply EH 

□ 



8 AH-algebras with finitely generated i^-theory 

Lemma 8.1. Let C be a unital AH-algebra and let A be a unital separable simple C* -algebra 
with tracial rank zero. Suppose that fi,(f2 ■ C — > A are two unital monomorphisms. Suppose 
that 

[<px] = [<p 2 ] in KL(C,A), (e 8.226) 

r o (f-y = t o if 2 f or all t£T(A) and (e 8.227) 

R^K^M^)) = p A (K (A)). (e8.228) 

Then, for any increasing sequence of finite subsets {J- n } of C whose union is dense in C, any 
increasing sequence of finite subsets {V n } of K\{C) with U^ =1 V n = K\{C) and any decreasing 
sequence of positive number {5 n } with Y^=i°~n < °o, there exists a sequence of unitaries {u n } 
in U(A) such that 

adu n otf l & Sn if 2 on T n (e 8.229) 

and 

PA{hotti(ip2,u^u n+ i)(x)) = for all x G V n (e 8.230) 

for all sufficiently large n. 

Proof. By (|e 8.226|) . it follows from l2.13l (see 3.4 of [30]) that there exists a sequence of unitaries 
{u n } C A such that 

lim adf n o (pi(a) = (^2(0) for all a € C. (e 8.231) 

Without loss of generality, we may assume that V n = {z±, z 2 , z n } and we may also assume 
that J~ n are in the unit ball of C and \J^ =i J- n is dense in the unit ball of C and we write that 
C = lirn ri _ >00 (C' n , ifi n ) (associated h = tpi) satisfying the conclusion of 17.21 

Let 1/2 > e' n > so that Bott(/i', u')\p n is well defined for any unital monomorphism 
hi : C — > A and any unitary u' 6 A for which 

||[/t'(aW]ll < <4 for a11 a G ?n- (e 8.232) 
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Moreover, we may assume that Bott(/i' o ij) n oo , u') is well defined whenever (|e 8.232p holds. 
Put el = minK/2, l/2 n+1 , 5 n /2}. 

Let S' n > be as 5 in 17.31 and integer k(n) (in place of n) corresponding to e"/2 (in place of 
e), T n (in place of J 7 ) and T^n = {zi, Z2, z n } (hi place of {xi, X2, Xk})- Note here we assume 
that {zi,Z2,-.,z n } C (^fe(„) i0 o)*i(-^i(Cfc(n)))- So there are y 1 ,y2,...,y n G ifi(Cfc( n )) such that 

C0jfc(n),oo)*l(2/i) = z i> * = !> 2 , •••> n - 

Suppose that {yi, y%, y m t n \} (m(n) > n) forms a set of generators of Ki(C k r n \), Put 
<n .nin{ ( ;i 2.< 2}. 

We may assume that 

ad^o^ « en y? 2 on T k (n) (e 8.233) 

Moreover we may assume that 

||[yi(o), u n v* +1 ]|| < e n for all a G J^.( n) (e 8.234) 

Thus botti(</?i o ipk(n),ooi v nVn+i) ^ s weu defined. 

Let wi, W2, —, w n , w m r n \ G Mj(Cfc( n )) for some I > 1 be unitaries such that [u>i] = 
C0jfc(n),oo)*l(j/i), « = l,2,...,m(n). Put 

i 

■u n = diag(u„,v n , . . .,«„). 

We will continue to use <pi for tpi ® id^fp * = 1, 2. 

By choosing larger finite subset .Ffc( n ) in (je 8.233P and (|e 8.234p . we may also assume that, 
for 1 < j < m(n), 

Wwiw^advnitpxdwj)*)) - 1\\ < (l/4)sin(2vre n ), n = l,2,.... (e8.235) 

Put 

/ij- n = log(— ^ 2 (^)adu n (^ 1 ((w J )*))), j = 1,2, ...,n,...,m(n),n = 1,2,.... 
Then for any r G T(A), 

r(/i i>n )<e„<^, j = 1,2,. ..,m(n). (e8.236) 

By the assumption that Ripi^iM^xm) = Pa(-K"o(-^)) an d by applying 13.51 we conclude that 

h^n(r) = T(h jin ) G PA {K {A)). (e 8.237) 

By applying 6.1, 6.2 and 6.3 of [33], and by passing to a subsequence if necessary, we obtain 
a homomorphism o4 : K\{C n ) — > ^(-Kc^A)) such that 

c£( % -)(t) = h^n(r) = T(hj, n ),3 = 1,2, ...,m(n). (e 8.238) 

Since a^(Xi(C n )) is free, it follows from (je 8.237P that there is a homomorphism a n : 
^i(C n ) -> i^o(A) such that 

PA o a n (yj)(r) = r(h jjn ), j = 1, 2, m(n). (e 8.239) 

It follows from 17.31 that there exists a unitary J7 n G Uq(A) such that 

ll^Ca), < e"/2 for all aef„ (e 8.240) 

and pA(botti((/9 2 , f4))(^) = ~PA a n (^), (e 8.241) 



34 



j = 1,2, ...,n. 

By the Exel trace formula 13.61 and He 8.238j) , we have 



-pA(bottl((^2, U n ))(Zj)(T) 



for all t £ T(A), j = 1, 2, m, where 



U n = diag((7„, U n --- ,U n ) 



Define u n = v n ll n , n = 1,2, .... Put 



(e 8.242) 
(e 8.243) 



(e 8.244) 



u n = diag(u n ,u n , . . . ,u n ). 
By 6.1 of [34]), and by Qe 8.2411) and (|e8.243|) . we compute that 

r ( lo g(^-(V2K)adu n ((^i(«;*))))) 



1 



(log(— (^(^l^^i^K))) 



'2m 
1 



T ( lQ g( (U n <P2 (Wj ) C/>2 O* ) (Wj )v* (tpt (W* ) )v n ) ) ) 



'2vrz 

r(log(^(C7 n ^( U ; i )C/>2K)))) 



v 2vu 



iog(v? 2 K-)<(^i(w*))w n ))) 



for all t eT(A). 
Let 



/^(botti^, U n ))(zj)(T) + r(/i J - i 



= log(— u n ip2{wj)u n ipi(w*)) and 

Z7TI J 



b'j,n = ^g{ — ip2{Wj)u n U n+ lip 2 {w*)u n+l U n )), 

j = 1,2, ...,n and n = 1,2, .... We have, by (|e8.25U|) . 



= T(log —ip 2 {w j )u* n ip 1 {w^)u n ) = 

for all r G j = 1,2, ...,n and n = 1,2, .... Note also T(6 Jjn+1 ) = for all 

j = 1, 2, n. Note that 



(e 8.245) 

(e 8.246) 

(e 8.247) 

(e 8.248) 

(e 8.249) 
(e 8.250) 



-* 2irib'. - 
u„e 3,n U 



2irib^ n -2mbj in+ i 



Thus, by 6.1 of [33] and by (je 8.256P . we compute that 

r (b' j>n ) = r{b hn ) - r(b j>n+1 ) = for all r £ T(A). 



(e 8.251) 
(e 8.252) 

(e 8.253) 
(e 8.254) 
(e 8.255) 
r € T(A) and for 

(e 8.256) 
(e 8.257) 
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It follows the Exel trace formula (|3.6|) and (|e 8.257P that 

p A {hotti(Lp2,u* n u n+l ))(z*){T) (e 8.258) 

= T(log(ulu n+ i(p 2 (w*)u* n+1 u n ip2(wj)) (e 8.259) 

= T(log(p 2 (wj)UnU n+ i(p2(w*)ul +1 u n )) = (e8.260) 

for all r G T(A). It follows that (|e8.230|) holds. By (|e8.233|) and (le8.24U|) . one concludes that 
(le 8.2291) also holds. 

□ 

Theorem 8.2. Let C be a unital AH-algebra with finitely generated Ki(C) (i = 0, 1) and let A 
be a unital separable simple C* -algebra with tracial rank zero. Suppose that (p±, ip 2 ■ C — > A are 
two unital monomorphisms. Suppose that 

[<Pi] = Yf2\ in KL(C,A) (e 8.261) 

r o ipi = t o ip 2 for all t£T(A) and (e 8.262) 

iW 2 (#i( M ™)) = Pa(K q (A)). (e8.263) 

Then there exists a continuous path of unitaries {U(t) : t G [1, oo)} of A such that 

lim &dU(t) o (pi(a) = (f 2 (a) for all a G C. (e 8.264) 

Proof. Let {J- n } be an increasing sequence of finite subsets of C which is dense in C and {e„,} 
be a decreasing sequence of positive numbers such that Y^=\ e « < 00 • 

Let 5 n > 0, Q n C C be a finite subset and C K_{C) be a finite subset required by 12.121 
associated with A, (p 2 , e n /2 and T n . 

We may assume that T n C Q n and 5 n > 5 n +\ and 5 n < e n /2, n = 1,2, .... Since K\{C) is 
finitely generated, let {zi, z 2 , z k } be a set of generators of JTi(C). 

Since K{(C) is finitely generated, there is k > 1 such that 

Hom A (F k K(C),F k K(A)) = Hom A (K(C), K{A)). 

Let Q be a finite subset of generators of F k K_(C). We may assume that Q C V n , n = 1, 2, ... 
Let 5 > and C?o (i n place of J 7 ) be as in 12.111 associated with C and and 5 n < 5/3. 
By 18.11 there is a sequence of unitaries u n £ U (A) such that 

ad u n o <£i RJ Jn u (f 2 on (? n and (e 8.265) 

p A {botti{ip2,u* n u n+ x)(zj)) = 0, j = 1,2,..., fc. (e 8.266) 

Since Ki{C) is finitely generated (i = 0,1), we may also assume, without loss of generality, 
that Bott(ip 2 ,u^u n+ i) is well defined. Moreover, we may also assume, by 16.101 that there is 
K n G Hom A (K(C® C(5 1 )),^(A)) such that 

(«n)k(c) = [¥>a] and (K n )|/3(iC(C)) = Bott(y? 2 , <«n+i)- (e8.267) 

By (|e 8.266 j) . 

^(«n(^i(C))) = 0. (e 8.268) 

We now construct y n as follows. Define V\ = u\. It follows from 17.61 that there exists a 
unitary W\ G U(A) such that 

||[V2(a), w 2 ]\\ < S 2 /4 for all a £ Q 2 and Bot% 2 , ^2) = k 2 o /3. (e 8.269) 
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Define V 2 = u 2 w\ . Then 

\\[tp 2 {a), V{V 2 ]\\ < 5i/2 for all a G T\. (e 8.270) 

Moreover, 

Bott(^ 2 ,^ / 1 *y 2 ) = Batt(p 2) «i«2) +Bott(y?2,^2) (e8.271) 

= Bott(</> 2 ,w*M 2 ) - Bott(<^ 2 ,^2) = 0. (e8.272) 

Now by applying 12.121 there is a continuous path of unitaries {Z\{t) : t G [0, 1]} such that 

Zi(0) = 1, Z x (l) = V{V 2 and ||[^(a), Z x (t)]\\ < e x /2 (e 8.273) 

for all a € ^ and for all t 6 [0,1]. 

Suppose W n and V n have been constructed which satisfying the following: 

V n = u n W*, W n }\\ < S n /2 for all a G Q n (e 8.274) 

and Bott(y> 2 , W n ) = Bott(y> 2 , V^Un). (e8.275) 

Moreover, 

^(botti(^ 2 , W n ))) = and || [^2 (a), KT-iK]|| < 5 n _ x /2 (e8.276) 

for all a G £? n -i. 

It follows from 17.61 that there exists W n +i G U(A) such that 

|| [^(o), W n+1 ]|| < S n+1 /4 for all a G £? n+ i and (e 8.277) 

Bott(^,W' n+1 ) = K B+ io ) 3 + Bott(¥>2,W r n ). (e 8.278) 

Note also that 

/u(botti(</? 2 , W„+i))) = 0. 
Define V n+1 = u n+1 W* +1 . Then (5/3 < S n ) 

Bott(<p 2 ,V*V n+1 ) = Bott(ip 2 ,V*u n+1 )+Bott(<p 2 ,W* +1 ) (e8.279) 
= -Bott(ip 2 ,W n ) + Bott((p 2 , u* n u n+1 ) -Bott(y>2,W n+ i) = (e8.280) 

Moreover, 

WIMa), V:V n+1 ]\\ < 5 n /2 for all a G Q n . (e 8.281) 

By induction, we obtain a sequence of {Wn} and {V^} with V n = u n W* which satisfy (|e 8.273P 
and (|e 8.2741) . 

By applying ? of [33], there is a continuous path of unitaries {Z n (t) : t G [0, 1]} such that 

Z n (0) = 1, Z n (l) = V*V n+1 (e 8.282) 

and 11(^2(0), ^n(*)]|| < en/2 (e8.283) 

for all a G .F n . Define U(l) = V% and 

U(t + n) = V n Z n (t) for all t G [0, 1), n = l,2,.... (e8.284) 

We compute by (|e8.265j) . <|e 8.2691) and (Ie8.281j) that 

lim adf7(t) 0^(0) = ^2(0) for all a G C. (e8.285) 

□ 
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9 Stable homotopy 



The results of this section will be applied to the case that A = B ® Ck for a unital separable 
simple C*-algebra B and a commutative C*-algebra Ck with torsion Ko(Ck) and trivial K\(Ck)- 
The following is a special case of Theorem 5.9 of |23j and it also follows from a result of 
Dadarlat and Loring ([9]). 

Theorem 9.1. Let X be a finite CW complex, let k > 1 be an integer and let P G Mk(C(X)) 
be a projection. Let C = PMk{C{X))P. Suppose that A is a unital C* -algebra and suppose that 
x G KK(C, A) and a finite subset V C K(C). Then, for any e > and any finite subset T C C, 
there is an integer N\ > and an e- T -multiplicative contractive completely positive linear map 
L : C — > Mjy 1+ i(^4) and a homomorphism ho : C — > Mjy^C) wim /mite dimensional range such 
that 

[L]\ P = (x + [h ])\ v (e 9.286) 

By now several version (and more general version) of the next theorem are known. In the 
following, the integer ./V is allowed to depend on A as well as L\ and L<i among other things. 

Theorem 9.2. Let C be as in 19.11 For any e > and any finite subset T C C. There exists 
5 > 0, a finite subset Q C C and a finite subset V C K(C) satisfying the following: Suppose 
that A is a unital C* -algebra and L\,L<i : C — ► A are two unital 5 -Q -multiplicative contractive 
completely positive linear maps such that 

[L l )\ v = [L 2 ]\ P . (e 9.287) 

Then, there exists an integer N > 1, and a unitary U € Uq{Mn+i(A)) such that 

adfJo (diag(Li,^) sa e diag(L 2 ,*) on T, (e9.288) 

where VP : C — > M/v(C) is a homomorphism. 

Proof. It is clear that the general case can be reduced to the case that C = C(X). Suppose that 
the theorem were false. We then obtain eo > and a finite subset J-q C C, sl sequence of finite 
subsets V n £ K_(C) with V n C V n +i and U n V n = K(C), and a sequence of unital C*-algebras 
{A n }, a sequence of unital contractive completely positive linear maps 

{4 n) } and {4 n) } such 

that 



lim \\L^\a)L { p(b) - L^\ab)\\ = for all ab G C (e 9.289) 

[4 B) ]k = [4 B) ]k. ( e9 - 29 °) 

inf{sup{||ad?7o (diag(4 n) (a),^ n (a)) -diag(4 n) (a),^ n (a))|| : a G Jo}} > e , (e9.291) 

where infimum is taken among all integer k > 1, all possible unital homomorphisms *$> n : C — > 
Mfc(C) and all possible unitary U G Mk+i(A n ). We may assume that lc G Jo- 
Define B n = A n tg) )C, B = Yl n= i B n and Q = B / (B n =i B n . Let tt : B — > Q be the quotient 
map. Define ^ : C — > S by ^-(a) = {L^- (a)} and define ^ = 7r o j = 1,2. Note that 
</?'• : C — > Q are homomorphisms. By 2.9 of [15] (see also p. 990 of [E]), since -B n is stable, 



Ki{B) = 11 Ki{B n ), Ki(B, Z/kZ) = ]J Ki(B n ,Z/kZ), (e 9.292) 

n=l n=l 

Ki(Q) = II ^(^n)/0^(5 n ) and (e 9.293) 

71=1 

Ki(Q,Z/kZ) = Y[Ki(B n ,Z/kZ)/®Ki(B n ,Z/kZ). (e 9.294) 



n=l n=l 
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Then (|e 9.290P (and above) implies that 

[<p[] = \{p' 2 ] in KK{C,Q). (e9.295) 

(n) 

Denote by p n the unit of B n and q n = p n — ^A n ■ Fix a point £ G X define (p^ : C — > i? n by 
= for / G C(X). Put q>i = % © vr o ({4 n) }). Then 

[pi] = \(p 2 ] in KK(C,Q). (e 9.296) 

By [7], for any e > 0, there exists an integer K > 0, a unitary u G Mi_|_x(Q) and a unital 
homomorphism tp : C — » M^(C) C Mk(Q) such that 

adit o diag(<^i, V>) ~e/4 diag(y?2, on -^b- (e9.297) 

There is a unitary 1/ = {In} G .B such that 7r(J7) = u. It follows that (identifying M k (C) with 
a C*-subalgebra of M^(i? n )) for all sufficiently large n, 

ad K o diag(4 n) © , V) ~e/2 diag(L^ n) © c^ n) , ip) (e 9.298) 

on J" - Put E n = lg n © l Ml+Jf( B n )- Then, since lc G Fq, 

\\[V n ,E n ]\\<e/2 (e 9.299) 

for all sufficiently large n. Therefore, without loss of generality, to simplify notation, we may 
assume that V n is a unitary in E n Mi + K{B n )E n and 

ad V n o diag(4 n) © <^ n) , ^) « £o/4 diag(L^ n) © , ip) (e 9.300) 

, s 

on J^o- Denote by e' n k = diagfl^, 1^„, IaJ £ A Tl ®K. and 

K 

4,k = diag(e nifc ,e^ fc ,...,e nifc ) G M K (B n ). (e 9.301) 

Note that k commutes with ip and e' n k commutes with tp^ . Put e n ^ = e' nk © e" fc in 
E n Mi + K{B n )E n . Note that T4i G E n Mi + K(B n )E n . Since {e ni fc} forms an approximately central 
approximate identity for Mi + ^(S n ), 

lim \\[V n , e n . k ]\\ =0. (e 9.302) 

— >oo 

Thus there is a unitary C/ nj fc G &kMi + K{B n )ek for each and n such that 

lim \\e n)k V n e n>k - U n>k \\ = 0. (e9.303) 

Note that there is an integer N such that 

M JV (A n ) = ((e^ fc -Uje e nifc )M 1+ ^( J B n )((e nife - 1 A J © e£). 

We define *„(/) = « >fc - (/)«,* " UJ e n , fc V(/)e„, fc for / G C. Thus, for large k, 

there is a unitary U n G Mi + Ar(A n ) such that 

ad U n o diag(Li n) , ¥ n ) « eo/2 diag(L^ n) , * n ) on (e 9.304) 
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This contradicts (|e9.29ip . 

To see that one can choose U E Uo(Mjsr+i(A)) , Write 

m 

*(/) = E /(OOPi for all / E C, (e 9.305) 

i=l 

where £,i,xi2, —,Cm are fixes points and pi,P2> ■■■iPm are mutually orthogonal projections. By 
replacing \t by \I/', where \P'(/) = *(/) © ' 1m l for all / E C for some suitable integer 

L > N + 1, and by replacing C7 by diag(?7, 1), we may assume that p\ = q% © Imjv+i- Define 
17' = [7diag(l Mjv+1 , [/*, l Wi _ w _ x )- Th en U' E f/ (M 1+ ^(^)), where N' = N + L. 

□ 

Remark 9.3. Note that *(/) = Sj=i f(£,j)Pj f° r au / £ C, where {pi,P2, ••• J Pn} is a set of 
mutually orthogonal projections and •••) £n} is a finite subset of X. In case that C = 

Mfc(C(X)), by choosing larger N = Kk, adding another homomorphism with finite dimensional 
range (and replacing U by U © 1), we can choose 

*(/)=diag(/(6),/(6),-,/(a)) 

for all / E C, where {£i,£2> •••>£#} is some e-dense subset of X for some e > 0. 

Lemma 9.4. Let C be as in Theorem 19. 1L For any e > 0, any finite subset 7-, a unital homo- 
morphism h : C — > A and k E Hom\(K_(C), K_(SA)). Then there is an integer N > 1, a unital 
homomorphism ho : C — > M/v(C) wii/i finite dimensional range and a unitary u E [/(Mi + at(^4)) 

|j [i7(a), it] || < e for all a E T 7 and Bott(i7,n) = k, (e 9.306) 

where H(c) = diag(/i(c), /io(c)) /or all c E C. 

Proof. Let S" = {z, l^si)} C C(S' 1 ), where z is the identity function on the unit disk. Define 
x E Hom A (K{C ® ^(S 1 )),^) as follows 

^k(C) = W and a?|/3(^(c) = K - 

Fix a finite subset V\ C /3(7T(C)). Choose ei > and a finite subset T\ C C satisfying the 
following: 

[L']| Pl = [L"]| Pl (e 9.307) 

for any pair of e\-J-\ © S-multiplicative contractive completely positive linear maps L',L" : 
C © C(S 1 ) — > 7? (for some unital C*-algebra B), provided that 

L' w ei L" on T 7 ! © S 1 . (e 9.308) 

Let e > and 7cCbe given finite subset. Put €2 = min{e/2, ei} and T2 = F U 7-~i. 

Let 5 > 0, Q C C be a finite subset and "P C K_{C) be required by 19.21 for £2/2 and 7^. 
Without loss of generality, we may assume that T2 and Q are in the unit ball of C and 5 < e/2. 

Fix another finite subset V\ C (/£(C)) and define V2 = V U P(Vi) (as a subset of 7f_(C © 
C(^)))- 

It follows from 19 .11 that there are integers iVi > 1, a unital homomorphism h\ : C©C(S' 1 ) — > 
Mat 1 _ 1 (C) and a 5/2-Q © ^-multiplicative contractive completely positive linear map L : C © 
C(5 X ) -» M Nl (A) such that 

[7]^ = (*+M)|tv (e9.309) 
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Define H x : C -» M Nl+1 (A) by 

= /»(/) © h x {f ® 1) for all / G C. (e 9.310) 

Define L x : C -> Afjv x (A) by Li(/) = L(/ 1) for all / G C. Note that 

[L 1 ]\ v = [Hx]\ v (e9.311) 

It follows from [9~T2l that there exists an integer iV2 > 1, a unitary W G M(^r 2+1 ^ 1 (A) and a 
unital homomorphism h 2 : C — > Mjv 2 jvi(C) with finite dimensional range such that 

PT(Li(/)e/»2(/))W ~ e/4 H x (f)®h 2 (f) for all / G (e 9.312) 

Put iV = (N 2 + l)JVi - 1. Now define /i : C -» Mjv(C) and # : C -» M 1+J v(,4) by 

M/) = h 1 {f®l)®h 2 {f) and #(/) = h{f)®h {f) for all / G C (e 9.313) 

Define 

« = W*(L(l® Z )©l MjV2jVl )W. (e 9.314) 

Then, by (Ie9.312p . 

||[#(/), u]|| < ||( J ff(/)-adWo(L 1 (/)ffi/ l2 (/)H|+ (e 9.315) 

+ || [ad W o (Lx(/) © h 2 (f)), u]\\ + o (Li(/) © fc 2 (/)) - #(/))|| ( e 9.316) 

< e/3 + S/2 + e/S < e for all / G .F 2 - (e 9.317) 

Define L 2 : C -> M^+^A) by L 2 (/) = Li(/) © /i 2 (/) for / G C. By (le 9.3091) . we compute that 

Bott(iT, u)\ Vx = Bott(adWoL 2 , u)\ Vl (e 9.318) 

= Bott(L 2 , L(l©z)ffil MjV2jVi )| Pl (e 9.319) 

= Bott(L 1 ,L(l©z))| Pl +Bott(/i 2 ,l Mj v 2jVl ) (e9.320) 

= Bott(Li,L(l ® z))\ Vl (e9.321) 

= (x+[h 1 ])\ fKPl) = K. (e 9.322) 

Since Ki(C) is finitely generated (i = 0, 1), by 12.111 and by choosing a sufficiently large Vx, we 
may write from (je 9.322p that 

Bott(-£f, u) = k. (e 9.323) 

□ 

The following is a stable version of so-called Basic Homotopy Lemma (see [2] and |33|). 

Theorem 9.5. Let X be a finite CW complex, let k > 1 be an integer and let P G Mj.(C(X)) 
be a projection. Let C be a quotient of PMk{C{X))P with the form QMk(C(F))Q, where F is 
a compact subset of X. For any e > and any finite subset T C C, there is 5 > a finite subset 
Q C C, a finite subset V C K(C) satisfying the following: 

Suppose that A is a unital C* -algebra, suppose h : C — > A is a unital homomorphism and 
suppose that u G U(A) is a unitary such that 

\\[h(a),u]\\ < 5 for all a G Q and Bott(/i,u)|p = {0}. (e9.324) 
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Then there exists an integer N > 1 and a continuous path of unitaries {U(t) : t G [0,1]} in 
Mn+i(A) such that 

17(0) = u', U(l) = 1 Mn+1 (A) and || [h'(a), u] \\ < e for all a £ J 7 , (e 9.325) 

where 

v! = diag(u, H (l <g> z)) 

and h'{f) = h{f) © Hq(J (g) 1) for f G C, where Hq : C — > Mjv(C) is a unital homomorphism 
(with finite dimensional range) and z G C{S 1 ) is the identity function on the unit circle. 
Moreover, 

Length({U(t)}) < vr + e. (e 9.326) 

Proof. Let e > and 7 C C be given. Without loss of generality, we may assume that J- is in 
the unit ball of C. 

Let St > 0, Qi C C © C(5 1 ), P C if (C C(5 1 )) be required by E21 for e/4 and T © S. 
Without loss of generality, we may assume that Q\ = Q' x © S, where Q[ is in the unit ball of 
C and S = {l c ^ s i^z} C C(S 1 ). Moreover, without loss of generality, we may assume that 
V\ = Vi U V, where V2 C K_(C) and V C P(K_(C)). Furthermore, we may assume that any 
5i-Qi -multiplicative contractive completely positive linear map L' from C to a unital C*-algebra 
well defines [L'Jj-pj. 

Let 82 > and Q2 C C be a finite subset required by 2.8 of [33] for <5i/2 and G[ above. 
Let 5 = min{<5 2 /2, S 1 /2, e/2} and G = T 7 U 2 - 

Suppose that h and u satisfy the assumption with above 5, Q and V. Thus, by 2.8 of [33], 
there is b~\j1-Q\ -multiplicative contractive completely positive linear map L : C ® C(S 1 ) — > A 
such that 

\\L(f © 1) - h{f)\\ < <5i/2 for all f € Q[ (e 9.327) 

-u|| < 5i/2. (e9.328) 

Define y G Hom A (K(C © C(5 1 )), K(A)) as follows: 

yk(C) = Wk(C) and S/l/3(jr(C)) = 0. 

Then 

[L]|p = y| P . (e 9.329) 

Define C(5 X ) 4 by 

H{f®g) = h(f)-g(l)-l A 

for all / G C and (7 G C(S 1 ), where S 1 is identified with the unit circle (and 1 G S 1 ). 
It follows that 

[H]\ v = y\ v = [L]\ v . (e 9.330) 

It follows from 19 .21 that there is an integer iV > 1, a unital homomorphism Hq : (^©C^ 1 ) — > 
Mj\r(C) with finite dimensional range and a unitary G U{Mi + n{A)) such that 

W*(/7(/) © H (f)W * e/4 L(f) © H (f) (e 9.331) 

for all / G T 7 © 5. 
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Since Hq has finite dimensional range, it is easy to construct a continuous path {V' : t G [0, 1]} 
in a finite dimensional C*-subalgebra of Mn(C) such that 

V'(0) = H (l ® z)), = l Mjv(A) and (e 9.332) 

H (f ® l)V'(t) = V'(t)H (f ® 1) (e 9.333) 

for all / £ C and i G [0, 1]. Moreover, 

Length({F'(t)}) < vr. (e 9.334) 

Now define [7(1/4 + 3t/4) = W*diag(l, V^JW for t G [0, 1] and 

u' = u flb(lil ® *) and = h(f) #o(/ ® 1) 

for / G C for t G [0,1]. Then 

\\u - [/(1/4)|| < e/4 and ||[C7(t), /i'(o)]|| < e/4 (e9.335) 

for all a G and i G [1/4, 1]. The theorem follows by connecting [7(1/4) with u' with a short 
path as follows: There is a self-adjoint element a G Mi + at(^4) with ||a|| < ^ such that 

exp(m) =u'U(l/A)* (e9.336) 

Define U(t) = exp(i(l - 4t)a)[7(l/4) for t G [0, 1/4). 

□ 

Lemma 9.6. There is 1/2 > 5 > satisfying the following: Let A be a unital C* -algebra, m > 1 
6e an integer and let z G [7(M m (^4)) 6e a unitary. Suppose that V(t) G C([0, 1 — d], M m (yl)) is 
a unitary such that 

\\[V(1 - d), z]\\<8 and V(0) = 1 (e 9.337) 

for some 1/4 > d > 0. Suppose that there is a continuous path of unitaries W(t, s) G C([0, 1], M m (SA)) 
{s G [0, 1]) such that 

W(1,0) = 1, || 0) - 1|| < 5 for all t G [1 -d,l], (e 9.338) 

W(t,0) = z*V(t)*zV{t) for all t G [0, 1 - d] and W(t,l) = 1 (e 9.339) 

for all t G [0,1]. Then, 

botti(*,V(l-d)) = 0. (e 9.340) 

Proof. We may view W(t, 0)) as an element in M m (SA). So W is a continuous path of unitaries 
in M m (SA) such that W at is W(t, 0) and W at 1 is 1. In other words, W(t, 0) G U (M m (SA)). 

It is standard (see Lemma 9.3 of [33], for a stronger statement) that W(t, s) can be replaced 
by one with additional property: there is a positive number M > such that 

\\W{t,s) -W(t,s')\\ < M\s-s'\ (e 9.341) 

for all s, s' G [0, 1] and t GjO, 1]. It follows that W(t, s) G C([0, 1] x [0, l],M m (A)). 
Since W(t,s) G M m (5'A), for each s, 

W(Q, s) = e 2 " A(s) =W(l,s) 
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for some continuous function A(s) G C([0, l],M m ) SM with A(0) = 1 = A(l). 
Replacing W(t, s) by e~ 2nlX ^W(t, s), we may assume that 

W(0, s) = W(l,s) = 1. (e 9.342) 

Thus we may assume that W(t, s) G C([0, 1], SM m (A)). Therefore, to simplify notation, by 
denoting M m (A) by A, we may assume m = 1 for the rest of the proof. 
Put Z(t, s) = zW(t, s). Then Z(t, s) G C([0, 1] x [0, 1], A), 

Z(l,0) = z, \\Z(t,0) -z\\ < S for all i G [1 — d, 1], (e 9.343) 

Z(i,0) = F(i)*2V(t) for all t G [0, 1 - d], Z(t,l) = z and (e 9.344) 

Z(0,s) = Z(l,s) = z. (e9.345) 

Note that, for each s G [0,1], z and Z(t, s) are in 

{/(t) G C([0,1], A) : /(0) = /(l)} - C^ 1 ,^). 

Moreover, 

||Z(t,a) - Z(t,s')\\ < M\s - s'\ (e9.346) 

for all M£ [0,1]. 

Let 1 > e > 0. We assume that botti(it, v) is well-defined whenever \\[u, v]\\ < e. Moreover, 
we assume that if \\v — v'\\ < e then bott(u, v') = bott(u,v) (for any such unitaries u,v,v'). 
Let 5i > required by 19.51 for e/2 above and for X = S 1 . 
Put 8 = min{5i/4,e/4}. 
There is r/ > such that 

\\Z(t,a) - Z(t',s')\\ < 6/4, (e9.347) 

if \t — t'\ < rj and \s — s'\ < rj. 
Let Pi : 

= s < si ■ ■ ■ < s n = 1 

be a partition such that 

\\Z(t,s) -Z(t, Sj )\\ < 5/4 for all t G [0, 1] (e9.348) 

if s G [sj—i, Sj), j = 1, 2, n. In particular, we assume that max{|sj — Sj-i| : j = 1, 2, n} < 77. 
Note that, for each s G [0, 1], 

[z] = [Z(t,s)} in K\(S l ,A). (e9.349) 

It follows from 19.21 that there exists an integer N > such that for each s G (0, 1), there exists 
X(t,s) G C/(Mzv+i(C([0,l],A)) such that 

X(t,s)*z'X(t,s) «5 /4 Z'(i,s) and (e 9.350) 

X(0,s) = X(l,s), (e 9.351) 



where 



z' = diag(z, e 2 ™' N , e^' N ■ ■ ■ e 2N ^ N ) and (e 9.352) 

Z'(t,s) = diag(Z(t,s),e 2 "/ w \e 4 ^ N ... e 2Nm l N ). (e 9.353) 
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Since Z'(t, s) is uniformly continuous on [0, 1] x [0, 1], there exists 1 > To > such that 

\\Z'(t,s) - z'\\ < 5/4 for all < t < T and for all s G [0, 1]. (e 9.354) 

Note also 

\\Z'(t, s) - z'\\ < S for all 1 - d < t < 1 and for all s G [0, 1]. (e 9.355) 
By choosing even smaller To > we may also assume that 

||V(t)-l|| < 5/4 for all < t < T . (e9.356) 

Define 

Y'(t,s) = X(T ,s)*X(t,s). (e9.357) 

Put 

N 

V\t) = diag(y(t),i~l~^~~T) for all t G [0, 1 - d]. (e9.358) 
Note that, by (|e 9.3501) and (le 9.3481) . 

\\V'{t)*z'V'(t)X(t, Sl )*z'*X(t,si)-l\\ < 5/4 + 5/4 = 5/2 (e9.359) 
for all t G [0, 1 - d] and by § 9.3481) 

\\X(t,s j )*z J X{t,s j )X(t,s j+1 )*z'*X(t,s j+1 ) - 1|| < 5/4 (e 9.360) 
for all t G [0, 1] and j = 1, 2, n — 1. It follows that 

||X(t,si)F'(t)VV'(t)X(i,si)* -^|| <5/2 (e9.361) 

for all t G [0, 1 - d] and 

||X(t,s i+ i)X(t,a J -)*«'-X'(*,ai)-X'(t,aj+l)* ~ z '\\ < V 4 (e 9.362) 
for all t G [0, 1]. It follows from (Ie9.361|) . (Ie9.35()|) and (je9.354|) that 

\\Y'(t,si)V'(t)*z'V'(t)Y'(t,si)* -z'\\ < 5/2 + 5/4 (e 9.363) 
for all t G [0, 1 - d] and 

\\Y'(t,s j+1 )Y'(t,s j )*z'Y'(t,s j )Y'(t,s j+1 )* - z'\\ < {5/2 + 5/4) + 5/2 = 55/4 (e 9.364) 
for all t G [0, 1]. It follows from (|e9.356|) and (|e9.357|) that 

botti^', Y'(T , Sl )(F(T )')*) = bott!^', (F(T )')*) = 0. (e9.365) 
Since Y'(t, si), V(t, si) G C([0, 1 - d], Afjv+i(v4)) we conclude (by <|e 9.3631) ) and <|e 9.3651) that 

botti^y'Ci.ai)^^)*) = botti(z , ,y / (T ,si)(y(T ) / )*) = (e 9.366) 
for all t G [0,1 - d]. 



45 



We also have 



bothiz^Y'in^j^Y'iT^Sj)*) 
= botti(2/, Y'(T , s j+1 )) - botti(^, Y'(T , Sj )) = 0. 

Since Y'(t,s j+1 )Y'(t, Sj )* is continuous on [0,1], by (|e 9.3641) and (je 9.3681) . 

botti(z',F'(t, Sj +1 )Y'(t,8j)*) = for all t G [0,1]. 

Thus, by 19.51 there is an integer K > 1 and , for each j, there is a continuous path of unitaries 
{Uj(l -d,s) :s E [0, 1]} in M (1+Ar ) (A:+1 )(A) such that 

I7j(l — d, 1) =Y(l-d,s j+1 )Y(l-d,Sj)*, Uj(l - d, 0) = 1 and 
|| [z", Uj(l-d,8)]\\<e/2 

for all s € [0, 1], j = 1,2, ...,n, also, 

J7 (l — d, 1) = Y(l-d, Sl )V"(l-d)*, J7 (l -d,0) = 1 and 
|| [z", U (l-d,s)]\\<e/2 



for all s G [0,1], where 



diag(z',$(z ® 1)), 



V"(l-d,Sj) = diag(V'(l - d, s), 1m 1+n , 1m 1+jv , -, 1a/ 1+jv "), and 

y(i-d,s) = diag(y'(i-d, s ),$(i0z)), 

where $ : C(S' 1 x S 11 ) — > M( 1+A r) ft -(C) is a unital homomorphism. 
Define U(t, s) : s E [0, n] as follows 

E7(t, a) = £/o(i, s)V(t), £/(*> s + j) = E^(i, s)K(t, s i ) for all s G [0, 1], 

j = 1,2, ...,n - 1. Note that 

||[*", f7(l-d,s)]|| < e for all s G [0,n]. 

We have 

17(1 -d,n) = Y(l - d, 1) and [7(1 - d, 0) = F"(l - d) 
for i G [0, 1). Moreover, 

||[z", F(t, 1)]|| < e for all t G [0, 1] and \\[z" , V"(l - d)}\\ < e. 
Thus (by (le 9.378[) and (le 9.379]) ). 

botti(z",V"(l-d)) = botti(z",y(l -d,l)) 

= botti(z",y(r 0) i)) = o. 



It follows that 



botti(z, V(l - d)) = 0. 



(e 9.383) 
□ 
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Lemma 9.7. There is 1/4 > 5 > satisfying the following: Let A be a unital C* -algebra and 
let u G U(A) be a unitary. Suppose that w{t) G SA is a unitary such that 



w(l) = w(0) = l A ,w(t) = u*v(t)*uv(t) for all t G [0, 1 - d] 
for some < d < 1/2, where v(t) G C([0, 1 - d], A) and 

\\w(l) - w(t)\\ < S for all t > 1 - d. 

Suppose also that 

botti(u,v(l -d)) = 0. 

Then [w] = in K X (SA). 



(e 9.384) 
(e 9.385) 
(e 9.386) 



Proof. Let 1/4 > e > 0. Let 5% > and N be as in 19.51 required for e. Let 5 = Si/2. Suppose 
that u,w and v are as in the lemma for 5. From inequality (je 9.385P and (je 9.386j) . by applying 
9.51 we obtain a continuous path of unitaries {V(t) : t G [1 — d, 1]} C Mi + tv(A) such that 



V(l - d) 



/u(l - d) 
wjv 
uj 2 n 







o \ 





/ , N I 

N / 



where lon = e 2w ^ N , 



V o 

V(l) = l Ml+N(A) and \\[V(t),u'}\\ <e 



(e 9.387) 



(e 9.388) 



for all t G [1 — d, 1], where 



/it 
uj n 
w~ 



A' 



\0 








define 





fv(t) 










UJ N 


V(t) = 










V o 






4 



o \ 






(e 9.389) 



for t G [0, 1 - d]. Define W(i) = (uO*V(t)*«'V(t) and W'(t) = w(t) l Mjv (A)- 
Put T s G M 2 (M 1+ jv(4)) as follows: 



cos(f) -sin(f ; 
s 1 sin(f ) cos(f ; 



(e 9.390) 



Since V(0) = V(l) = 1, for each s G [0, 1], 



W 8 (t) 



U > o\ T (v(ty o\ x ( v! oV mt) o 



1 



V o i 



2rMo i) M o 1 ) T s l zM 2{x+N) {SA). (e9.391) 
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Moreover, 



W (t) = W{t) © 1 Mn{a) and Wx(t) = l Maif(A y (e 9.392) 

It follows that [W(t)] = in K^SA). 
On the other hand, for t G [0, 1 — d), 

W(t) = W'(t) (e 9.393) 

and for t G [1 — d, 1] , 

||W(t) - W(t)|| < [|W'(t) - 1|| + ||1 - (u')*F(i)*«V(i)|| < 5 + e < 1/2. (e9.394) 

Therefore 

[W'(t)] = in Kx{SA). 
It follows that = in Ki(SA). 

□ 

10 The Main Theorem 

InE21 i^i(C) is assumed to be finitely generated (i = 0, 1). Therefore KK(C, A) = KL(C, A). In 
particular, one may write that Ki(M Vl>t p a ) = Ko(A) © K\{C) . Moreover, one may write K\(C) = 
Tor(K\{C)) © G\ for some finitely generated abelian free group G\. Note that Tor{K\(C)) C 
keri? ¥ , 1)V>2 .It is then easy to check that R tpittp2 (Ki(M v>1 ^ 2 )) = pa(Kq(A)) implies that fi VuV2 = 0. 
Theorem 18.21 is a special case of 110.71 below and the proof of ll0.7l does not depend on that of !8.2[ 
However, 18.21 is handy as soon as 18.11 and 17.61 are available. It perhaps also helps to understand 
the additional problems involved in the proof of 110.71 Note that, the approximation argument 
in the proof of 18.21 considers a finite subset of C at a time. So as in 12.131 it suffices to consider 
KL(C,A). It is therefore interesting to understand that this could not be done for the general 
situation. However, using KK(C,A) (instead of KL(C,A)) enables us to have a consistent 
information on KK(C n +i, A). It should also be noted that the full power of fjm x V2 = will 
be used. In other words, we have to use more information about rotation maps than what 
is used in the proof of 18.11 It probably worth to point out that the proof would be simpler 
if homomorphisms ip n from C n to C n +i is injective. Among other things, one could apply 18^21 
Unfortunately, in general, AH-algebra can not be written such a way so that each homomorphism 
from C n to C n+ \ is injective. 

Lemma 10.1. Let C and A be unital C* -algebras and let (p\, <p2 ■ C — > A be two unital monomor- 
phism. Let (a^) G M n (M tfl ^ 2 ). Suppose that e > is a positive number and Cij G C such that 

~ (M<Hj))\\ <e (e 10.395) 

Then 

||7n((ay)) - {Mcij))\\ < e- (e 10.396) 

Proof. This is almost evident. In fact there are (bij) G M n (C) such that 

Mi^j)) = M(bij)). (e 10.397) 

Here we continue to use <pi for tpi ® idjw„. Then this and (je 10.395P imply that 

||(&ii)-(cy)|| <e, (e 10.398) 
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since ip\ is injective. But by (je 10.397P 

Using if 2 for if2 <8> idM„ 5 it then follows from (je 10.398P that 

IMOij)) - ¥>2((%))|| < e. 

□ 

10.2. Now let i4 be a unital AH-algebra and B be a unital C*-algebra. Suppose that <pi,(fi2 ■ 
A — > B are two unital monomorphisms. 

Suppose that [ip\\ = [992] in KK(A, B). Then the following exact sequence splits: 

0^ K{B) K[M vim ) ±±b K(A) -+0 

Lemma 10.3. Let A and B andipi, andip2 be as in \10.2l Moreover, we assume thatrj(rj)(ipi,ip2) = 
0. 

Let C = PM k (C(X))P, where X is a finite CW complex, k > 1 is an integer, P € M k {C(X)) 
is a projection, and let ip : C — > A be a unital homomorphism. 

For any 1/2 > e > 0, any finite subset T C C and any finite subset V C K{C), there 
are integers N\ > 1, an e/2-T -multiplicative contractive completely positive linear map L : 
ip{C) — > Mi+jVi(M<p li¥ , 2 ), a unital homomorphism ho : ip{C) — > M/v^C), and a continuous path 
of unitaries {V(t) : t £ [0, 1 — d]} of Mi+jvi (B) for some 1/2 > d > 0, such that [L]\-p is well 
defined, V(0) = l Ml+Nl (B), 

[L o^]\ v = (6o [,p] + [h o^])\ v , (e 10.399) 



Tr t o L o ^ ?s e ad F(t) o ((^! o ^) (/i o ^)) on J" (e 10.400) 

/or dllte (0,1 -d], 

vr t o L o ^ w e ad V(l - d) o ((991 oj/i)ffi (/i o ^)) on .F (e 10.401) 

/or aZZ i G (1 — d, 1), and 

iri o L o ip m e if2 o ip ho o ip on J 7 , (e 10.402) 

where %t '■ ^ip\,ip% B is the point- evaluation at t G (0, 1). 

Proof. Let e > and let J 7 C C be a finite subset. 

Let o~i > 0, t/i C C be a finite subset and V C K_(C) be a finite subset required by 19.51 for 
e/4 and T above. 

Let ei = min{oi/2, e/4} and .Fi = TV^Q\. We may assume that T\ is in the unit ball of C. We 
may also assume that [£']|-p is well defined for any ei-Fi-multiplicative contractive completely 
positive linear map from C to (any unital C*-algebra). 

Let 82 > and Q C C be a finite subset and "Pi C K_{C) be finite subset required by 19.21 for 
ei/2 and Fi. We may assume that 82 < 8\/2, Q D T\ and V\ D P. We also assume that is in 
the unit ball of C. 

It follows from 19 .11 that there exists an integer K\ > 1, a unital homomorphism /iq : ^(C) — > 
Mk 1 (C) and a 02/2-C/-multiplicative contractive completely positive linear map L\ : ip(C) — > 
M Kl+1 (M VuV2 ) such that 

[L l0 ^]\ Vl = (9o[tp} + [h oip])\ Pl . (e 10.403) 
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Note that ttq : M Vl>tp2 — > B has an image in ipo(A). We also have, by viewing ttq as a 
homomorphism from M« 1)¥ ; 2 to .A, 

[tt ] o o [-0] = [ifj] in if If (C, A). (e 10.404) 

Moreover, by viewing ttq as a map from M vit(p2 to 5, 

[ttq] o e o [0] = o 0] in if if (C, B). (e 10.405) 

Furthermore, for each t S (0, 1], 

[7r t ] o 6 o [0] = o (e 10.406) 

By 19.21 we obtain an integer ifo, a unitary Vbo £ V '(Mi+jd+Koitpii-A))) and a unital homo- 
morphism h : C — * Mk (C) such that 

ad Vbo ° (^0 oLi®h) ra £1 / 2 (931 © h' © h) on ^"i. (e 10.407) 

Write Vbo = (^lO^O) f° r a ij S A Since </?i is injective, it follows that (a^) € J7(M^ 1+ x- (A)). 
Let Vb'o = (f2{{cbij)). The assumption that [ipi] = [cp^] implies that [Vbo] = [Vqo] i n K\{B). By 
adding another h in (le 10.407H and replacing Vbo by Vbo © ^-M Ko ) ^ necessary, we may assume 
that Vbo and Vqq are in the same component of U(Mi^.jc 1 -\-k (B)). One obtains a continuous 
path of unitaries {Z(t) : t & [0, 1]} in Mi + ^ 1+ /^ (B) such that 

Z(0) = Vbo and Z(l) = Vq . (e 10.408) 

It follows that Z 6 Mi + Ki+K Q (M vltl p 2 ) ■ By replacing Li by ad Z o (Li © /i) and using a new /i , 
we may assume that 

vr o Li « ei/2 if 1 © /i on ^"1. (e 10.409) 

It follows from I10.T1 that we may also assume that 

7Ti o L\ ~ ei /2 ^2 © h' on J^i. (e 10.410) 

There is a partition: 

= £ < h < ■■■ <t n = 1 (e 10.411) 

such that 

71*. o Li Ri 52 / 2 vr t 0L1 011$ (e 10.412) 

for all U <t < ii+i, i = 1,2, ...,n — 1. 

By applying 19.21 again, we obtain an integer if 2 > 1, a unital homomorphism /ioo : C — * 
M^ 2 (C), and a unitary Vi E Mi + ^ 1+ ^ 2 (B) such that 

ad Vi o {(p x ®h' ® /ioo) « ei /a (7Ttj oiiffi /ioo) on ^i. (e 10.413) 

Note that, by (je 10.412D . (le 10.4131) and (je 10.4091) 

|| [991 © /i © /100(a), Vi]|| < ^2/2 + 2ei for all a G ^. 

Put if 3 = if 1 + if 2 and B = <Pl © K © W 
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It follows from [931 that there is an integer J\ > 1, a unital homomorphism F\ : C — > Mj 1 (C) 
and a unitary W\ E [/(M^+i+jj (5)) such that 

||[Fi(a), Wi]|| < for all 06^ and Bott(#i, Wi) = Bott(iJ , V x ), (e 10.414) 

where Hi = <pi © /i' © h 00 © F x . Define V[ = W 1 *diag(Vi, Imj )• Note that 

||[fll(a), < 5 2 + 2ei for all a E F x and Bott(fl"i, V{) = 0. (e 10.415) 

Therefore, 

||[ffi(a), Wt6^y u l Mj J^(V2,lM h )]\\ <h + 2ei for all a E T\. (e 10.416) 

It follows from [9741 that there is an integer J2 > 1, a unital homomorphism F 2 : C — ► Mj 2 (C) 
and a unitary W 2 € ^(-^72+^1+^3+1 (-5)) such that 

||[# 2 (a), W 2 ]|| < 5 2 /2 for all s£f[ and Bott(# 2 , W 2 ) = Bott(#i(a), F/t^*), (e 10.417) 
where H 2 = H l ® F 2 , V( = diag(V/, 1 M , /2 (B)) and F 2 = diag(F 2 , l Mjl+j2 (B))- Thus 

H[J3" 2 (a), ^'t^W^lll < 6 2 + 2e i for a11 aEFi and (e 10.418) 

Bott(i?2, Vj^Wj ) = 0. (e 10.419) 

Put V 2 ' = W 2 V 2 . By continuing this process, we obtain an integer iVo > 1, a unital homomorphism 
Fq : C — > Mat (C), and unitaries Vi E Mi + ^ 2+ Ar (i?) such that 

ad Vi o (<pi © h' Q © F 00 ) ~5 2 +2e! 7r tj o (Li F 00 ) on ft, (e 10.420) 

|| [Vi © h' Q F 00 (a), < 5 2 + 2ei for all ae (e 10.421) 

Bott(v?i © /iq © F 00 , «i) = and Bott(</?i © /i' © F 00 , = °- ( e 10.422) 

It follows from 19.51 that there is an integer N[ > 1, a unital homomorphism Fq : C — > M N /(C) 
and a continuous path of unitaries {u>i(t) : t E [ii_i,ti]} such that 

ioi(0) = 1, wi(ti) = v[, w i (U-i)=Vi_i(v r i )*,Wi(ti) = l, i = 2,3, ...,n and (e 10.423) 
||[^i ©/i ffiF offiF^(a), «;«(*)] || < e/2 for all a E F, i = l,2,...,n, (e 10.424) 

where -u- = diag(«i, Im n , (B)), i = 1,2, ...,n. Define V(t) = for t E i = 1,2, ...,n. 

Then V(t) E C([0, 1 - ij, (£?)). Moreover, 

ad V(t) o ( V i /i © F 00 © F^) « e/2 i f oLi9 F 00 © F^ on F. (e 10.425) 

Define h = /i ©F 00 ©F^, L = LiffiF 00 + F^ and d = 1 -t n - X . Then, by (le 10.4251) . (le 10.4001) 
and (le 10.401|) hold. From (Iel0.410|) . (le 10.4020 also holds. 

□ 

Let C be a unital separable C*-algebra and A be a unital C*-algebra. Suppose that <pi,(p 2 '■ 
C — » ^4 are two unital monomorphisms. 
Define 

= {/ G C([0,1],A) : f(0) = if X {a) and /(l) = ^ 2 (a) for some a E C}. 

Denote by irt : M Vli¥ , 2 — ► ^4 the point-evaluation at t (t E [0,1]). We will also use TTt for the 
homomorphism from M n (Mtp lt u, 2 ) — > M n (^4). Note also 7ro gives a surjective homomorphism 
from M^^j onto C and ker7ro = <SA 
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10.4. Let C be a unital separable amenable C*-algebra in J\f with finitely generated Ki(C) 
(i = 0, 1), let A be a unital separable C*-algebra and let ip\ , ip2 : C — > A be two unital homo- 
morphisms. In what follows, we will continue to use (p± and ip 2 for the induced homomorphisms 
from M k (C) to M k (A). Suppose that v G and 

||«Vi(^)f-^(«j)|| <e<l/2, j = l,2,...,n (e 10.426) 

for some zi, * 2 , z n G U(M k (C)). Define W,-(f) G C/(M 2 (C([0, 1], M fc (A)) as follows 

Wj(t) = (T t yr t - 1 )*dia g (^ 1 (z,), ImJ^vt,- 1 , ( e 10.427) 

where 

... f cos(irt) -sin(7rt)\ 

V = diag(u,lM fe ) and T t = I . ) ' , v / 

fc ysm(7rtj cos(7ri) y 

Note that Wj(0) = diag^ViC^X 1) an d = diag(<^i(^), 1). Connecting Wj(0) with 

diag((/j 2 (.z), 1) by a short path, we obtain a continuous path of unitary Zj(t) such that Zj{0) = 
diag(^ 2 (%•),!), Z(l/A) = W(0) and Zj(l) = diagfai (*,■)> 1) and \\Zj(t) - Zj(l/4)|| < 1/2 for 
t G [0, 1/4). Thus Z G M 2k {M tpim ). Note that, if Zj G M 2k (M tpitV2 ) such that Zj(0) = Z 3 -(0), 
Zj(t) = Z,-(t) for all f G [1/4, 1] and 

P3(t)-Zj(l/4)||<l/2 

for all t G [0,1/4]. Then (Z'j)*Zj G E/b(Mj(M vllVa )). Thus the map 7 : Ki(C) -> Ki(M VljV3 ) 
defined by 7Q23]) = [Zj] is well defined. One easily verifies that, with sufficiently small e, since 
K\ (C) is finitely generated, 7 defines a homomorphism. Let 

= diag(log( V 2(^)*FVl(^)V;i), j = 1,2,..., n (e 10.428) 

We may specifically use 

Zj(t) = diag(</? 2 (%')> 1) exp(i4%) for all t G [0, 1/4]. (e 10.429) 

If we use </>i and </? 2 for the induced homomorphisms from M k (C ® C") to -A <8> C", for some 
commutative C*-algebra C with finitely generated Ki(C') (i = 0, 1), we obtain a homomorphism 
7 : -Rd(C (8) C") -> ^(M^^a <8> C") provided that e is small (and Zj are in M fc (C <g) C")). 

Let f C C be a finite subset and e > 0. Suppose that there is a unitary u G U(A) such that 

advoi^i « e 922 on JF. (e 10.430) 

Let I7(i)' = TfVTf 1 . Define 

At — ~\ At — 1 

£(c)(t) = (C/(^-) / )*diag( 9 9 1 (c),0)C/((^-)' for all t G [1/4,1] (e 10.431) 

and L(c)(t) = 4iL(c)(l/4) + (1 - 4i)diag(<£> 2 (c), 0). Note L maps C into M 2 (M Wi9s ). Thus, since 
Ki{C) is finitely generated (i = 0, 1), as in Proposition 2.4 of [33], if e is sufficiently small and 
T is sufficiently large, there is 7 G Hom\ ( K (C) , K ( M, ri ,„ 2 )) such that 

[L]\ v = ~f\ v (e 10.432) 

for a given finite subset V C K(C). Since Ki(C) is finitely generated, we may assume that 
[L] =7. It should be noted that, with sufficiently small e and sufficiently large 

[vr ] 07 = [id c ]. (e 10.433) 
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Using section 2 and section 3, one also computes that 

I T ^^M Zj (t))dt = T{hj) for all r G T{A). (e 10.434) 

Therefore, if R (flj(f2 ° j(Ki(C)) = 0, then 

r(hj) = for all r G T(A). (e 10.435) 

On the other hand, for any given r\ > and a finite set {zi, z 2 , z n } of generators of K\{C), 
by (|el0.428|) . 

r{h j )<ri (e 10.436) 

for all r £ T(A), provided that e is sufficiently small and J- is sufficiently large. 
Thus we have the following: 

Lemma 10.5. Let C be a unital separable amenable C* -algebra in J\f with finitely generated 
Ki{C) (i = 0,1,). Let A be a unital separable C* -algebra and let ipi,(p 2 ■ C — > A be two unital 
homomorphisms. Suppose {z\,z 2 , ...,z m } C U{Mk{C)) which forms a set of generators of K\(C) 
and n > is a positive number. 

Then, there is e > and a finite subset T C C satisfying the following: Suppose that A is 
a unital separable C* -algebra and suppose that (pi,(p 2 '■ C — > A are two unital homomorphisms 
such that 

ad v o tpi ss e (p 2 on T . (e 10.437) 

Then it defines a homomorphism 7 G Hom\ (K(C), K{M ipi iV2 )) as in (|10.4[) . Moreover, 

r(log(^ 2 (^)*^>i(^)^)) <V, 3 = 1,2,..., m (e 10.438) 



for all r G T(A), where V = diag(t>, v, ...,v). 

10.6. Let C and A be as in 110.41 and ip\ : C — > A be a unital homomorphism. Suppose that 
v G U(A) and 

||vVl(zj>-¥>i(-Zj)|| <e<l/2 (e 10.439) 

for some z 2 , z n G U(M k {C)). Define W^(t) G C/(M 2 (C([0, 1], M fc (A)) as follows 

Wj(t) = diag^iC^), l)(r t VTf Yd^(tf(*i), l^t^Tf 1 , (e 10.440) 

where 

a ' f> * »i \ j 71 /cos(7ri) -sin(7rt)\ 

V = diag(w, v, v, lMfc) and T t = . } ' \'\ 

\sm.[wt) cos(7rf) y 

Put = diag(-±-log(ip 1 (z j )*v*ipi(z j )v, 1), j = l,2,...,n. 

Note that Wj(0) = diag(y>i(2j)v*y>i(;Sj)v, 1) and Wj(l) = lM 2fc - We obtain a continuous 
path of unitary Zj(t) such that Zj(t) = exp(i2n4tbj) for t G [0, 1/4] and Z(t) = W(^=±). Thus 
Z G M 2 k(SA). Suppose that 

\\[tpi(a), v]\\<6 for all T 

for a sufficiently large finite subset T of C and a sufficient small 5. We may assume that 
Bott(<£i,u) is well defined. Exactly as in ll0.4l and ll0.5l we obtain a homomorphism in Hom\ (K(C), K(SA)). 
It will be denoted by r(Bott(</?i, f )). 
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Suppose that : K_{C) — » K_(SA) is another homomorphism. Suppose there is V G C([0, 1 — 
d\,A) (for some < d < 1/4) has the following property: Suppose that z G U(Mk(C t8> C n )) 
(in U(Mk(C)), or in U(Mf t (S{C ® C n ))))), where C n is a separable commutative C*-algebra 
with Ko(C n ) = Z/kl* and iTi(C n ) = {0}, such that @([z]) can be represented by a unitary 
6{z) G M k (S(A ® C n )) (in M fc (C), or in M k (S(C ® C n )))) such that 

0(s)(<) = (e 10.441) 

for t G [0, 1 - d] and, for t G [1 - d, 1], 

||^(z)(t)-^i(z)y(l-(i)Vi(z)*y(l-d)|| <£< 1/2, (e 10.442) 

where = (fx (8) id. By S3 if Bott(<pi,u)(|>]) = botti(V, </3i(z)), then 6([z]) = (with 
sufficiently small 5). Conversely, if 0([z]) = 0, by 19.61 Bott(^i, u)([«]) = 0. It follows that 
r (Bott (<£>i, u)) is defined independent of the choice of the path V(t) and r(Bott(y?i, it)) = if 
and only if Bott(</?i, u) = 0. 

Using section 3 and section 2, one computes that 

f 1 r&^-Z^t)) = r{bj) for all r G T(A). (e 10.443) 

li <pi and </?2 are as in 110.41 then 

R^iZjit))^) = T(bj) for all r G T{A). (e 10.444) 

In particular, if p^(Bott(</3, u)) = 0, then 

r(Bott(<^,f))(^i(C)) Ckex-R^,^. (e 10.445) 

Theorem 10.7. Lei C be a unital AH-algebra and let A be a unital separable simple C* -algebra 
of tracial rank zero. Suppose that <pi,<p2 : C — ► A are two unital monomorphisms. Then there 
exists a continuous path of unitaries {u(t) : t G [0, oo)} C A such that 



lim adu(i) o ^i(c) = ip 2 {c) for all c G C (e 10.446) 

t— >oo 



if and only if 



= [p 2 ] in KK(C,A), (e 10.447) 

ro^[ = t o if 2 for all r G T(A) and %, ll¥ , a = {0}. (e 10.448) 

Proof. The "only if " part follows from 14.41 We need to show that "if part of the theorem. 

Let C = ]im n _ +00 (C' ri , ip n ) be as in 17.21 Let {Tn\ be an increasing sequence of finite subsets 
of C such that \J'^ =l J r n is dense in C. 

Define 

M V1 , V2 = {/ G C([0,1],A) : /(0) = pi (a) and /(l) = p 2 (a) for some a G C}. 

Denote by 7it : M VliV2 — > A the point-evaluation at £ (t G [0, 1]). Note also ttq gives a surjective 
homomorphism from M« li¥ , 2 onto C and ker7To = iSA 

Since C satisfies the Universal Coefficient Theorem, the assumption that [ipi] = [^2] m 
KK(C, A) implies the following exact sequence splits: 

0^ K(SA) -> K(M VUV2 ) ^± e K(C) (e 10.449) 
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Furthermore, since r o ipi = r o cp 2 for all r G T(A) and fj(p lt u, 2 = 0, we may also assume that 

Ry>i,(p a (0( a O) = for a11 x e K i( C )- (e 10.450) 

By [8], one has 

lim (MCn), hM) = K(C). (e 10.451) 

n^oo 

Since each Ki{C n ) is finitely generated, there is an integer K(n) > 1 such that 

Hom A (F K(n) K(C n ),F K{n) K(A)) = Hom A (K(C n ), K(A)). (e 10.452) 

Let 5' n > 0, Q' n C C and 7^ C K_{C) be finite subsets corresponding to l/2 n+2 and ,F n 
required by 12.121 Without loss of generality, we may assume that Q' n C ip n ,oo(Gn) and V' n = 
[VVi,oo] ('Pn) f° r some finite subset Q n of C n and for some finite subset V n C K_{C n ). We may 
assume that V n contains a set of generators of F K ^K_{C n ), 5' n < l/2 n+3 and T n C Q' n . We also 
assume that Bott(/i', u')\-p n is well defined whenever ||/i'(a), u']\\ < 5' n for all a £ Q' n and for any 
unital homomorphism h! and unitary v! . Note that Bott(/i', u')\-p n defines Bott(/i', u'). 

We further assume that 

Bott(M)|p n = Bott(/i',n)| Pn (e 10.453) 

provided that h /i' on 

We may also assume that S' n is smaller than 5/3 for that <5 in 12.111 for C n and "P n . 

Let k(n) > n and ry n > ( in place of 5) be required by 17.51 for ip n ,oo(0n)( in place of J 7 ), 
V n (in place of V) and <5^/4 (in place of e). For C n , since Ki(C n ) (i = 0, 1) is finitely generated, 
by choosing larger k(n), we may assume that ((fk(n),oo)*i is injective on (92 nj fc( n ))«(-?Q(C n )), 
i = 0,1. Since Ki{C n ) is finitely generated, by (le 10.452 j) . we may further assume that [</>fc(n),oo] 
is injective on [tp n , k (n)}{K(C n )), n=l,2, .... 

By passing to a subsequence, to simplify notation, we may assume that k(n) = n + 1. 

Let 5 n = mm{r] n ,5 n /2'}. 

By 18. 1| there are unitaries v n G £^(^4) such that 

adu n o ^ «5 n+1 / 4 <^2 on ip n +l,oo(Gn+l), (e 10.454) 

p^(botti(</? 2; f>„+i))(x) = for all x G Vn+l,oo(#i(CW+l)) and (e 10.455) 
||[(^ 2 (a), < 5 n+ i/2 for all a G Vn+i,oo(^n+i) (e 10.456) 

(i^i(C n+ i) is finitely generated). 

Note that, by (le 10.453j) . we may also assume that 

Bott^ijUn+iu*)!^ = Bott(u>it;„,t;>„ + i)|-p n = Bot% 2 , <u n+ i)|p n . (e 10.457) 

In particular, 

botti«v7if„,f*v n+ i)(x) = botti(^2,v*u n+ i)(a;) (e 10.458) 

for all x G ^ n +l, oo(Ki (C n+1 )). 

By applying 110.51 without loss of generality, we may assume that ip\ and v n define 7„ G 
Hom\ (K(C n +-\ ), K(M, pi j P ^)). Note that [7To] oj n = [idc n+1 ]. Furthermore, bv ll0.5l without loss 
of generality, we may assume that 

r(log((£> 2 o ijj n+lt00 (zj)*V*ipi o ipn+i,oo(zj)V n )) < 5 n+ i, j = l,2,...,r(n), (e 10.459) 
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where {zi, z 2 , .-, £ r (n)} C U(Mk(C n+ %)) which forms a set of generators of K\{C n+ x) and where 

k 

V n = diag(u n , v n , ...,v n ). 

Let H n = [tp n+ i)(K(C n+ i)). Since U n=1 [ip n+1>00 ](K(C n )) = K(C) and [vr ] o 7n = [ide n+1 ], 
we conclude that 

K(M vim ) = K(SA) + U™ =lln (H n ). (e 10.460) 

Thus, by passing to a subsequence, we may further assume that 

ln+i(H n ) C K{SA) + 7n+2 (H n+1 ), n = 1, 2, .... (e 10.461) 

By identifying with 7„ + i(i/ n ), we may write j n : K(S'yl) © if n — > i£ (S^4) © H n+ \. By 
(|el0.460p . the inductive limit is K(M Vulp2 ). 

From the definition of 7n , we note that, 7 n — 7 n +i ° [V'n+i] maps K_(C n+ i) into Jf(5.A). 
BydOS 

r(Bott(y?i o ^ n +2,oo,V n V* n+1 ))\ Hn = (7n+l - 7n+2 ° [^n+2])|iT B 

gives a homomorphism £ n : H n — ► if (5^4). Put Cn = 7 n +i|_f/„- Then 

j n (x,y) = (x + &,(!/), [Vvh-2](v)) for all (s,y) e K(SA) ® H n . (e 10.462) 

Thus, we obtain the following diagram: 

0^ K(SA) -► if (5,4) © ->0 

0^ K{SA) -► X(5A)©F n+1 -> # n+1 ->0 

I !i l/ f«+li[V>n+3] ^[^n+3] 

0^ -► K(SA)ffiF n+2 -> # n+2 ->0 

By the assumption that fjipx,^ = 0, 6 also gives the following 

kerR^^j = ker/5^ © ifi(C). 
Define n = 6 o [VVi+2,00] and K n = Cn — n . Note that 

n = e n+1 o[i> n+2 ]. (e 10.463) 

We also have that 

Cn ~ Cn+1 O [Vn+ 2 ] = Cn- (e 10.464) 

Since [7ro] ° (Cn ~~ 0n) = 0, K n maps H n into K(SA). It follows that 

K n - K n+ i O [ip n+2 ] = (n-On- Cn+1 Vl>n+2\ + #n+l ° Vl>n+2\ 

= Cn - Cn+1 ° bPn+2] = Cn (e 10.465) 

It follows from 1 10 .31 that there are integers N% > 1, a V ; n+i(^n+i)- m ultiplicative contrac- 
tive completely positive linear map L n : ^ n+ i i00 (C ra+ i) — > Mi+jv 1 (M ¥ , 1)¥ , 2 ), a unital homomor- 
phism /to : ^n+l,oo(Cn+l) ~ * Mni(C), and a continuous path of unitaries {V n (t) : t G [0,3/4]} 
of M 1+Nl (A) such that [L n ]\ p ^ +i is well defined, K(0) = 1m 1+Ni (A), 

[L„ o ^„ + i )00 ] \ Vn = (9o [ip n +i,oo] + [ho ° ip n +i,oo])\v n , (e 10.466) 
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7T t ° L n o Vn+l,oo ~5 n+1 /4 ad V n (t) O (((^ o ^n+l.oo) © (/k) ° VWl.oo)) (e 10.467) 

on Vn+l,oo(^n+l) for all t G (0,3/4], 

ad K(3/4) o ((^ o ^ n+ i j00 ) (/t o V> n +l,oo)) (e 10.468) 

on Vn+l,oo(^n+l) for all t G (3/4, 1), and 

7Tl o L n o V» n +l,oo ~<5„+i/4 ¥>2 ° ^n+l.oc © ^0 V'n+l.oo (e 10.469) 

on V'n+i,oo(^n+i) ) where irt : M Vl ^ 2 — > ^4 is the point-evaluation at i G (0, 1). 

Note that R ipitV2 {6{z)) = for all x G 99 n+ i j00 (Ki(C ri+ i)). As computed in 110.41 

r(log(fo>2(z) ©M*)*^(3/4)*(pi(z)© fco(*))^n(3/4))) =0 (e 10.470) 

for z = ip n +i,oo{y), where y is in a set of generators of Ki(C n +\) and for all r G T(A). 

Define = daig(v n , 1) G M l+Nl {A). Then Bott ((yi ® hp ) o ^ n+1>00 , W^{V n {3/4)*) defines 
a homomorphism /c n G Hom\{K(C n+ x),K(A)). By (|e 10.459P 

r(log((v? 2 © ho) o ^ n +l,oo(%0*^n O^l © h ) ° ipn+i,oo(zj)V n )) < <Wl, (e 10.471) 

j = 1, 2, r(n), where V n = diag(V^,l). Then, by (|e 10.470p . exactly as in the argument from 
(je8.253p - (|e 8.257JI . we compute that 

PA {k n {zj)){r) < S n+1 , j = 1, 2, .... (e 10.472) 

It follows from 17.51 that there is a unitary w' n G U(A) such that 

||[¥>i(a)X]ll < S' n+1 /4 for all a G ^ n ,oo{Qn) and (e 10.473) 

Bott(y?i o ^„,oo, «4)ki(C„) = -«n|[^](Ki(C„))- (e 10.474) 

By (|e 10.4531) . 

Bott(<p 2 O Vn,oo, v* n w' n v n )\ Vn = -Kn\ty n ](K(C n )) • (e 10.475) 

Put w n = v* n w' n v n . 

It follows from 110.61 that 

r(Bott(v?i aip n700 ,w' n )) = -K n and r(Bott(<pi o VWfl.oo, = ~«n+l- (e 10.476) 

We also have 

r(Bott((^i o -0„,oo, ^„< +1 ))|h„ = Cn - Cn+i o = £ n - (e 10.477) 

But, by (le 10.4651) . 

- k„ + £ n + o [^ n+2 ] = 0. (e 10.478) 

It follows from (le 10.4761) . (je 10.4770 . (le 10.4781) and d06] that 

- Bott(^i o ^ n oo , w ' n ) + Bott(^i o ^„ i00 , v n v* n+ i) + Bott(^! o ip nt00 , w' n+1 ) = 0. (e 10.479) 
Define u n = v n w*, n = 1, 2, .... Then, by (le 10.4540 and (le 10.4731) . 

adu„ oLp l & s > n /2 (f2 for all a G ip n ,ao(Gn) ■ (e 10.480) 
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Prom (|e 10.4570 . (|e 10.4530 and (|e 10.4790 . we compute that 

Bott(</? 2 ° V>n,oo, (e 10.481) 

= Bott(tp2 0ip n700 ,w n v*v n+ iWn + i) (e 10.482) 

= Bott((/7 2 O V>n,oo, »n) + Bott(</? 2 ° tf>n,oa, v n v n+l) (e 10.483) 

+Bot% 2 o V„,oo, (e 10.484) 

= Bott(^i ^oc^n) +Bott(^i o, 0n,oo,Un+lWn) (e 10.485) 

+Bot%i o V„,oo, «+i)*) (e 10.486) 

= -[-Bott(y>i o tp ni00 , w' n ) + Bott(v?i o ifin.oo, v n v* +1 ) (e 10.487) 

+Bot%i o ^n,oo, <+i)] (e 10.488) 

= (e 10.489) 

Therefore, by 12.121 there exists a continuous path of unitaries {z n (t) : t G [0, 1]} of A such 
that 

Zn(0) = 1, z n (l) =u* n u n+1 and (e 10.490) 

|| [(^2 (a), «*(*)] || < l/2 n+2 for all a G T n and t G [0,1]. (e 10.491) 

Define 

u(i + n - 1) = u n z n+ i(t) t G (0, 1]. 

Note that u(n) = u n+ \ for all integer n and {u(t) : t G [0, oo)} is a continuous path of unitaries 
in A. One estimates that, by (|e 10.4801) and (|e 10.4910 . 

ad u(t + n — 1) o (pi & s , ad z n+ \{t) o ip 2 (e 10.492) 

~i/2"+ 2 on (e 10.493) 

for all t G (0,1). 



It then follows that 



lim u* (t)<pi(a)u(t) = ip 2 (a) for all a G C. (e 10.494) 

□ 



11 Applications 

Theorem 11.1. Lei C be a unital AH-algebra with real rank zero and let B be a unital separable 
C* -algebra with tracial rank zero. Suppose that <pi,<f2 ■ C — ► B are two unital monomorphisms. 
Then there exists a continuous path of unitaries {u(t) : t G [0, oo)} such that 

lim &du(t) o (fi(a) = ^2(0) for oil a G C 

if and only if 

[if!] = [ipz] in KK(C,B) and rj VUVa = 0. (e 11.495) 

Proof. To prove the "if part of the theorem, it suffices to show that 

r o (p\{a) = t o 992(a) for all a G C and for all r G T(A). (e 11.496) 

It then suffices to show that (le 11.4960 holds for all a G C s _ a _. The assumption that [(pi] = [(p 2 ] m 
KK(C, A) implies that (|e 11.4960 holds for the case that a is a projection, whence for any self- 
adjoint elements with finite spectrum. Since C is assumed to have real rank zero, one concludes 
that (je 11.4960 holds for all self-adjoint elements. 

□ 
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Corollary 11.2. Let A be a unital separable simple C* -algebra with tracial rank zero and sat- 
isfying the UCT. Suppose that a : A — » A is a unital endomorphisms. Then a is asymptotically 
inner if and only if 

[a] = [id] in KK(A,A) and fj idA;a = 0. (e 11.497) 

Now we consider the problem when C x a Z can be embedded into a unital simple AF-algebra, 
where C is a unital AH-algebra and a is an automorphism (see [12], [12], [H], [5]) [S]> [3S], [57] 
and [34J for the background). 

Lemma 11.3. Let A and B be two unital separable C* -algebras and let (pi,(f2 '■ A — > B be two 
unital monomorphisms. Suppose that A satisfies the Universal Coefficient Theorem and 

[<pi] = [(p%\ in KK(A, B) and r o <p-± = r o <p^ 

for all t € T{A). Suppose that K\{B) = and Kq(B) = pb{Kq{B)) is torsion free and divisible. 
Suppose also that 

Pa(K (A)) = R^^K^M^)). 
Then, there is 9 € Hom\ (K(A), K(B)) such that the following exact sequence splits: 

_> K(B) M K_(M V ^) ^ e K(A) -> 

and 

^Pi,¥» 2 ° ^ = 0. 

Consequently rj Vl)V2 = 0. 

Proof. From the assumption there is €£ Hom\ (K(A),K(B)) such that the following exact 
sequence splits: 

U ^ K(SB) [ -X K{M vim ) ^ e K(A)^0. (e 11.498) 

Homomorphism ^(^(a) gives the following splitting exact sequence: 

, Oo)*i 
- K (B) ^ K X {M^ 2 ) *± e[Ki(A) K^A) - 0. 

Using 9, we may write 

K x {My im ) = K (B) Kx(A). (e 11.499) 

Since Kq(B) = pb(Kq(B)) = R,p li( p 2 (Ki(M vlt( p 2 )), there is an isomorphism 7 : K\(A) — > 
keri?^ )¥ , 2 such that (7r )*i 07 = id^-^)- Therefore 

(0\ki(A) - 7)(«) 6 #o(-B) for all x € (e 11.500) 

However, since Kq(B) is torsion free, if x € Tor(Xi(^4)) then 

(»k(A)-7)(a?) = 0. (e 11.501) 

Let p\ be the map from Kq(B) — > Kq(B, Z/fcZ). Then since Kq(B) is divisible, 

p£ = 0. (e 11.502) 
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In particular, 



pi ° (o\ 



Ki(A) 



7) =0. 



(e 11.503) 



Define 9' as follows 9'\ Kl (A) = 7, Q'\k (A) = 9\k (A) and 9'\ Ki (A,Z/kl,) = 9\ Ki (A,Z/kZ) for i = 0, 1 
and k = 2,3, .... 

Now put C = M vim . Since 9\ Kl {A,z/kZ) = 9'\ Kt (A,z/kZ), to show that 9' G Hom^(A, (7), it 
suffices to show the following diagram commutes. 



#o(A) 




K (A) 




K (C) 
t 



K Q (A,Z/kZ) 

e 

K (C, Z/jfeZ) 
£Ti(C, Z/jfeZ) 

^i(A,Z/A;Z) 



Jfi(C) 
I 

Jfi(C) 




Prom (je 11.498j) . since K\(B) = and Kq(B) is torsion free and divisible, we may write that 



K (C,Z/kZ) 
Kx(C, Z/JfeZ) 



K^B^/kZ) ®K (A,Z/kZ) =K (A,Z/kZ) and 

^ (B,z/H)eii:i(yi,z/a) = ^(AjZ/fcZ). 



(e 11.504) 
(e 11.505) 



Thus, by (|ell.501|) . (|ell.503|) . (Iell.499|) . (Iell.504|) and (lell.505|) . one checks the above 12-term 
diagram is commutative. 

Thus, by replacing 9 by 9', the lemma follows. □ 

We will need the following: 

Lemma 11.4. (Corollary 5.5 of [34J) Let A be a unital AH-algebra, let a £ Aut(A) and let 
B G N be a unital separable simple C* -algebra with tracial rank zero. Suppose that there 
is a unital monomorphism h : A — > B such that there exists a continuous path of unitaries 
{U(t) : t G [0,oo)} of B such that 



lim ad U(t) oho a(a) = h(a) for all a G A. 



t— >oo 



(e 11.506) 



Then A x a Z can be embedded into a unital simple AF-algebra. 



Theorem 11.5. Let A be a unital AH-algebra and let a G Aut(A) be an automorphism. Then 
A xi a Z can be embedded into a unital simple AF-algebra if and only if A admits a faithful 
a-invariant tracial state t. 

Proof. Only "if " part needs a proof. Now let t be an a-invariant faithful tracial state of A. It 
follows from Theorem 4.1 of [34J that there is a unital separable simple AF-algebra Bq with a 
unique tracial state r with 

(Ko(B ),K (B ) + , [1 Bo ]) = (D,D+,1), 

where D = t(Kq{Bq)) a countable dense subgroup of R, and a unital monomorphism h : A — > Bq 
such that 

T o h = t. 



60 



By embedding Bq to Bq <g> Q for the UHF-algebra with Kq(Q) = Q, we may further assume 
that D is divisible. 

Since t(a(a)) = t(a) for all a € A, we have 

t o h(a) = t o ho a(a) for all a G A 

This implies that 

/i*o = (ho a)* . 

Since -ftTi(i?o) = {0} and Kq(Bq) is torsion free, we conclude that 

[h] = [ho a] in KL(A,B ). 
However, since Kq(Bq) is divisible (and K\(Bq) = {0}), we actually have 

[h] = [hoa] in KK(A,B ). 

Let 

M h , hoa = {fE C([0,1],B ) : /(0) = /i(a) and /(l) = h o a(a) for some a G 4}. 
We have 

Ki(M hthoa ) = K 1 (SB )eK 1 (A) = K {B ) ® K^A). (e 11.507) 

Let Di be a divisible countable dense subgroup of K which contains D and Rh,hoa(Ki(Mf l j loa )). 
There exists a unital separable simple AF-algebra B with 

(K (B),K (B)+, [1 B ]) = (Di, (D0+, 1). 

There is a unital embedding j : Bq —* B which induces the natural embedding j* : B — > Di. We 
continue to use r for the unique tracial state of B. 
Let 

M = {/ G C([0, 1], B) : /(0) = /i(a) and /(l) = /io a(o) for some a G A}. 
The embedding j induces a unital embedding j : M^hoa ~^ M. We also have 

[j h] = \j o h o a] in KK(A, B) and Tojoh = rojoohoct. (e 11.508) 

Note that, we may write that 

Ki(M) = K (B) © K\ (A) . (e 11.509) 

Moreover, it is easy to see that j*i\K (B ) = J*o- Let z € M;(M). Then there is /' > I and unitary 
z' € Mi>(Mh,hoa) such that 

for some unitary z' G My (Mjohjohoa) ■ I n particular, 

imRjohjohoa C im^^oQ, + Di C Oi. (e 11.510) 

It follows from 111.31 that 

Vjohjohoa = 0. (e 11.511) 

By 110.71 there exists a continuous path of unitaries {U(t) : t £ [0, oo)} of B such that 

lim ad U(t) ojo fo(a) = j o ho a(a) for all a£i. (e 11.512) 

t— >oo 

It follows from 111.^1 that ix a Z can be embedded into a unital simple AF-algebra. 

□ 



61 



Corollary 11.6. Let A be a unital simple AH-algebra and let a G Aut(A) be an automorphism. 
Then A x a Z can be embedded into a unital simple AF-algebra. 

Proof. Since A is simple, it is well-known that there exists at least one a-invariant tracial state 
which is faithful. 

□ 

12 Strong asymptotic unitary equivalence 

Let tpi,<p2 '■ C — ► A be two unital monomorphisms which are asymptotically unitarily equivalent. 
A natural question is: can one find a continuous path of unitaries {ut : t G [0, oo)} of B such 
that 

uo = 1b and lim a,dut o <pi(a) = 952(a) for all a £ A? 

t— >oo 

It certainly desirable to have an affirmative answer. Corollary 112.81 could be easily proved 
from the main theorem 110.71 (without introducing H\{Kq{C) , ifi (£?)))) . However, in general, 
unfortunately, the answer is negative. In this section we give a detailed discussion of this 
phenomenon. 

Definition 12.1. Let A and B be two unital C*-algebra. Suppose that (pi,(p% : A — > B are two 
unital homomorphisms. We say that <pi,(f2 are strongly asymptotically unitarily equivalent if 
there exists a continuous path of unitaries {ut : t G [0, 00)} of B such that 

uo = 1b and lim adut o <Pi(a) = (/22(a) for all a. 

t— >oo 

If the answer to the above question is negative, then when they ip\ and (f2 are strong 
asymptotically unitarily equivalent? 

Definition 12.2. Let A be a unital C*-algebra and B be another C*-algebra. Recall (|31j) 
that 

Hi(K (A),K 1 (B)) = {x G Ki(B) : V ([1 A ]) = x, <p G Hom(K (A), K±{B))}. 

Exactly as in 3.3 of [31], we have the following: 

Proposition 12.3. Let A be a unital separable C* -algebra and let B be a unital C* -algebra. 
Suppose that ip : A — > B is a unital homomorphism and u G U{B) is a unitary. Suppose that 
there is a continuous path of unitaries {u(t) : t G [0, 00)} C B such that 

u(0) = 1b and lim adu(t) o ip(a) = adu o ip(a) (e 12.513) 

t—>oo 

for all a G A. Then 

[u] G H 1 (K (A),K 1 (B)). 

Proof. In fact, one has 

lim uu(t)*<p(a)u(t)u* = (p(a) for all a G C (e 12.514) 

t— >oo 

for all t G [0, 00). Define ip t : A ® C(S' 1 ) -> S by 

^(a ® /) = ip(a)f{u(t)u*) for all a G A and / G C(S' 1 ). 

Note that 

lim || [92(a), «(£)«*] || = for all a e A. 
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Therefore 

lim \\Mbc) -Mb)Mc)\\ =0 

t— >oo 

for all b,c G A <g> ^(S 1 ). Thus [{^}] € ifif(C ® ^(S 1 ),^). We may view that [{V><}] G 
Hom A (K(A g> C(S 1 )),^(5)). Let k : 2T„0A) -» #i(B) be defined by 

K = [{Vt}] °/% (A)- 

Then «([U]) = [«*], since u(t) G *7 (B) for all t G [0,oo). This implies that -[it] G i?i (ifo (A) , K± (B)) . 
Hence [u] G Hi(Kq(A) , Ki(B)) . 

□ 

Lemma 12.4. Let C be a unital AH-algebra and let A be a unital separable simple C* -algebra 
with tracial rank zero. Suppose that (pi, </?2 : C — ► A be two monomorphisms such that there is 
a sequence of unitaries {u n } C A such that the conclusions ( (|e 8.229P and ()e 8.230P ) of 18.11 hold. 
Then, in ED we may further require that u n G U (A), if H\ (Kq (C) , K\ (A) ) = K X {A). 

Proof. Let x n = [u n ] in i^i(A). Then, since K\(A) = H\{Kq{C), Kq{A)), there is a homomor- 
phism k„ 5 o : Kq{C) — ► K\(A) such that K n ,o([lc]) = —x n - Let k Hi i : K\{C) — > iTo(^) be zero 
map. By the Universal Coefficient Theorem, there is re n G KK{C, A) such that 

= «M> ^ = 0,1. (e 12.515) 

There is, for each n, a positive number % < <5 n such that 

adu„ o^j yj 2 on T n . (e 12.516) 

It follows from 17.41 that there is a unitary w n G U(A) such that 

HMaW]|| < (<Jn - %)/2 for all a G JF n and (e 12.517) 

Bott(y2,w n ) = K n . (e 12.518) 

Put v n = u n w n , n = 1,2, .... Then, we have 

ad v n o Lpi Ki Sn tp 2 on T n and 

p J 4(botti(93 2 , v*u„+i)) = and [v n ] = [u n ] - x n = 0. 

□ 

Theorem 12.5. Let C be a unital AH-algebra and let A be a unital separable simple C* -algebra. 
Suppose that K\{Kq{C), K\{A)) = K\{A) and suppose that <pi,<p2 ■ C — > A are two unital 
monomorphisms which are asymptotically unitarily equivalent. Then there exists a continuous 
path of unitaries {u(t) : t G [0, oo)} such that 

u(0) = 1 and lim adu(i) o (p%(a) = (f2(a) for all a G C. 

Proof. By 14.31 we must have 

[pi] = [ip 2 ] in KK(C,A), fj vim = and 

T o (pi = T o ip 2 - 

By 112.41 in the proof of 110.71 we may assume that v n G Uq{A), n = 1,2,.... It follows 
that £ n ([!<?]) = 0, n = 1,2,.... Therefore K n ([l c ]) = 0. This implies that 7 n o (3([l c }) = 0. 
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Hence w n G Uq(A). It follows that u n G Uq(A). Therefore there is a continuous path of unitary 
{U(t) : t £ [—1,0]} in A such that 

U(-l) = 1 A and 17(0) = u(0). 

The theorem then follows. 

□ 

Corollary 12.6. Let C be a unital AH-algebra and let A be a unital separable simple C* -algebra 
with tracial rank zero. Let <p : C — > B be a unital monomorphism and let u G U(A). Then there 
exists a continuous path of unitaries {U(t) : t G [0, oo)} C A such that 

U(0) = 1b and lim ad U (t) o 92(a) = aduo 99(a) for all a G C 

t^oo 

if and only if [u] G H X {K Q {C), K^A)). 

Proof. This follows from 112.31 and the proof of ["12.51 □ 

Corollary 12.7. Let C be a unital AH-algebra with Kq(C) = Z • [Iq] © G and let B be a unital 
separable simple C* -algebra with tracial rank zero. Suppose that <pi,ip2 ■ C — > B are two unital 
monomorphisms such that 

[921] = [tpz] in KK(C,B), fj^ tV2 =0 and (e 12.519) 

tolpi = t oip 2 for all t G T(B). (e 12.520) 

Then there exists a continuous path of unitaries {ut ■ t G [0, 00)} of B such that 

u o = 1b and lim ad ut o (fi(a) = f2( a ) for all a £ A. 

t— >oo 

Proof. Let x G K\{B). Then one defines 7 : Kq{C) — > K\(B) by 7([lc]) = x and j\g = 0. This 
implies that 

H 1 (K (C),K 1 (B)) = K 1 (B). 
Thus the corollary follows from 112.31 □ 

Corollary 12.8. Let X be a compact metric space and let B be a unital separable simple C* - 
algebra with tracial rank zero. Suppose that tpx,ipz '■ G{X) — ► B are two unital monomorphisms. 
Then there exists a continuous path of unitaries {u(t) : t G [0, 00)} C B such that 

u(0) = 1b and lim adu(t) o <fi(a) = ^2(0) 

for all a G C(X) if and only if 

M = [ip 2 ] in KK(C,B), fj^ tV2 =0 and (e 12.521) 

to = r 0922 for all r G T(B). (e 12.522) 

Proof. Note that K (C{X)) = Z ■ [l c ] © G for some subgroup G. 

□ 

Corollary 12.9. Let A be a unital AH-algebra and let B be a unital separable simple C* -algebra 
with tracial rank zero such that K\(B) is divisible. Suppose that 921 , 922 : C — > B are two unital 
monomorphisms such that 

[921] = [922] in KK(C,B), fj^^ =0 and (e 12.523) 

to 921 = Tocp 2 for all t €T(B). (e 12.524) 
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Then there exists a continuous path of unitaries {u(t) : t G [0, oo)} C B such that 
u(0) = 1_b and lim adu(i) o f>\{a) = 952(a) for all a G C. 

Proof. Let x G K\(B). Since K\{B) is divisible, a map from [lc] to x can be extended to an 
element in Hom{K Q (C), K X {B)). So H\{Kq{C), K\{B)) = K X {B). 

□ 

Remark 12.10. Let C be a unital AH-algebra and A be a unital separable simple C*-algebra 
of tracial rank zero. Suppose that ip : C — > -B is a unital monomorphism. Denote by ASU(ip) 
the class of all unital monomorphisms which are asymptotically unitarily equivalent to ip. Let 
ijj G ASU(<p). Then 

ip(a) = lim adut o 93(a) for all a € A 

t— >oo 

for some continuous path of unitaries {ut : t E [0, 00)} of A. If there is another continuous path 
of unitaries {vt : i £ [0, 00)} of A such that 



V>(a) = lim advt o 99(a) for all a € A, 

t— >oo 

then, as in the proof of 112.31 

M6^l(^o(C),ifl(A)). 

Define u^) to be the element in K±(A) / H\[Kq[C) , K"x(A)) represented by [uq]. Let ipi,ip2 be in 
ASU((p). Then, by 112.51 tj)\ and ^2 are strongly asymptotically unitarily equivalent if and only 
if 

u(ipi) = u{ip 2 ). 

Moreover, for any x G K\(B), there is a unitary u € -B such that a; = [u]. Define ^> = aduo^. 
then u(ip) = x. 

Definition 12.11. Let A be a unital separable C*-algebra. Denote by Ainn(yl) the group of 
all asymptotically inner automorphisms. A automorphism a is said to be strong asymptotically 
inner if there is a continuous path of unitaries {u(t) : t G [0, 00)} of A such that 

u(0) = 1a and lim u(t)*au(t) = a(a) for all a G A. 

Denote by Ainno(A) the subgroup of all strong asymptotically inner automorphisms. 

By 112.101 we have the following: 

Theorem 12.12. Let A be a unital separable amenable simple C* -algebra with tracial rank zero 
satisfying the Universal Coefficient Theorem. Then 

-^^ ) ^K l {A)/H 1 (K {A),K 1 {A))- 
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